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(^ . Overview. In a seminal paper of 2005, Nualart and Peccati |3^ discovered a surprising 

^^ i central limit theorem (called the "Fourth Moment Theorem" in the sequel) for sequences of multiple 

^ ' stochastic integrals of a fixed order: in this context, convergence in distribution to the standard 

normal law is equivalent to convergence of just the fourth moment. Shortly afterwards, Peccati and 
Tudor |46| gave a multidimensional version of this characterization. 

PsJ I Since the publication of these two beautiful papers, many improvements and developments on 

this theme have been considered. Among them is the work by Nualart and Ortiz-Latorre |39| . 

Q> . giving a new proof only based on Malliavin calculus and the use of integration by parts on Wiener 

P^ I space. A second step is my joint paper |27) (written in collaboration with Peccati) in which, by 

fH ■ bringing together Stein's method with Malliavin calculus, we have been able (among other things) 

to associate quantitative bounds to the Fourth Moment Theorem. It turns out that Stein's method 
and Malliavin calculus fit together admirably well. Their interaction has led to some remarkable 
new results involving central and non-central limit theorems for functionals of infinite-dimensional 

^^ ■ Gaussian fields. 

^ I The current survey aims to introduce the main features of this recent theory. It originates from 

r^ ' a series of lectures I delivereqj at the College de France between January and March 2012, within 

the framework of the annual prize of the Fondation des Sciences Mathematiques de Paris. It may 
be seen as a teaser for the book |32) , in which the interested reader will find much more than in this 

^f^ ' short survey. 

o' 
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1 Breuer-Major Theorem 

The aim of this first section is to illustrate, through a guiding example, the power of the approach 
we will develop in this survey. 

Let {Xk}k^i be a centered stationary Gaussian family. In this context, stationary just means 
that there exists p : Z — t- M such that E[XkXi] = p{k — I), k,l ^ 1. Assume further that p(0) = 1, 
that is, each X^ is A/'(0, 1) distributed. 

Let (/9 : R — )■ M be a measurable function satisfying 

E[ip\Xi)] = -^ [ if\x)e"'''/'^dx < oo. (1.1) 

V 27r Jk 



Let Hq, Hi, . . . denote the sequence of Hermite polynomials. The first few Hermite polynomials are 
Ho = l,Hi=X,H2=X^-l and H3 = X^ - 3X. More generally the qth Hermite polynomial if, 
is defined through the relation XHq = if^+i + qHg-i. It is a well-known fact that, when it verifies 
(jl.ip . the function ip may be expanded in L'^(K,e~^ '"^dx) (in a unique way) in terms of Hermite 
polynomials as follows: 

CX) 

(^(x)=^ag/fg(x). (1.2) 

g=0 

Let d ^ be the first integer g ^ such that a, 7^ in (|1.2p . It is called the Hermite rank of ip] 
it will play a key role in our study. Also, let us mention the following crucial property of Hermite 



polynomials with respect to Gaussian elements. For any integer p,q ^ and any jointly Gaussian 
random variables U,V ^ A/'(0, 1), we have 

In particular (choosing p = 0) we have that E[Hq(Xi)] = for all g ^ 1, meaning that 
qq = E[lp{Xi)] in (jl.2p . Also, combining the decomposition (|1.2p with (|1.3p . it is straightforward 
to check that 

oo 

E[^\X,)] = J2qK (1-4) 

We are now in position to state the celebrated Breuer-Major theorem. 

Theorem 1.1 (Breuer, Major, 1983; see j^) Let{Xk}k^i andip : M — )• M 6e as above. Assume 
further that gq = E[ip{Xi)] = and that X^^g^ \p{k)\'^ < oo, where p is the covariance function of 
{Xk}k^i and d is the Hermite rank of (p (observe that d ^ 1). Then, as n ^ oo, 

Vn = ^y^v{Xk) '^ AA(0,a2), (1.5) 

with o"^ given by 



oo 



cT2 = ^g!a2^/,(fc)''G[0,oo). (1.6) 

q=d k&Z 

(The fact that a^ G [0, oo) is part of the conclusion.) 

The proof of Theorem 11.11 is far from being obvious. The original proof consisted to show that 
all the moments of Vn converge to those of the Gaussian law AA(0, cr^). As anyone might guess, 
this required a high ability and a lot of combinatorics. In the proof we will offer, the complexity 
is the same as checking that the variance and the fourth moment of Vn converges to cr^ and 3cr^ 
respectively, which is a drastic simplification with respect to the original proof. Before doing so, let 
us make some other comments. 

Remark 1.2 1. First, it is worthwhile noticing that Theorem [TTT] (strictly) contains the classical 
central limit theorem (CLT), which is not an evident claim at first glance. Indeed, let {Yk}k^i 
be a sequence of i.i.d. centered random variables with common variance a'^ > 0, and let Fy 
denote the common cumulative distribution function. Consider the pseudo-inverse Fy of Fy, 
defined as 

Fy\u) = mf{y G R : n ^ Fy{y)}, u G (0, 1). 

When U ~ ^0,11 i^ uniformly distributed, it is well-known that Fy ([/) = Yi. Observe 
also that -j= f_^ e~* '"^dt is ^o,il distributed. By combining these two facts, we get that 

ip{Xi)^=Yi with 

^(x) = Fy^ ( ^= / e"*'/2^i J , xeR. 



Assume now that p{0) = 1 and p{k) = for k ^ 0, that is, assume that the sequence {Xfej^jji 
is composed of i.i.d. J\f{0, 1) random variables. Theorem 1 1 . 1 1 yields that 

^ k=l ^ k=l \ q=d 

thereby concluding the proof of the CLT since a"^ = E[ip'^{Xi)\ = YL'^=d'i^-^'q-> ^^^ (|l-4p . Of 
course, such a proof of the CLT is like to crack a walnut with a sledgehammer. This approach 
has nevertheless its merits: it shows that the independence assumption in the CLT is not 
crucial to allow a Gaussian limit. Indeed, this is rather the summability of a series which is 
responsible of this fact, see also the second point of this remark. 

2. Assume that d ^ 2 and that p{k) ~ |fc| as \k\ — ?• oo for some D G (0, ^). In this case, it 
may be shown that n'^D''^"^ Y12=i ^{-^k) converges in law to a non- Gaussian (non degenerated) 
random variable. This shows in particular that, in the case where X^fceZ 1/^(^)1 = oo, we can 
get a non-Gaussian limit. In other words, the summability assumption in Theorem 11.11 is, 
roughly speaking, equivalent (when d ^ 2) to the asymptotic normality. 

3. There exists a functional version of Theorem ll.il in which the sum Ylk=i ^^ replaced by X]^\ 
for i ^ 0. It is actually not that much harder to prove and, unsurprisingly, the limiting process 
is then the standard Brownian motion multiplied by a. 

Let us now prove Theorem 11.11 We first compute the limiting variance, which will justify the 
formula ()1.6p we claim for a^. Thanks to ()1.2p and ()1.3p . we can write 

2-1 

^ '.j^ It 

- E "P«9 E E[Hp{Xk)Hg{Xi)] 



E[V^] = ^E 
n 



oo n 



.q=d k=l 



n 

p,q=d k,l=l 



^ oo n oo 11 

= - E ^^< E ^(^ - 0^ = E i'< E pi^y (1 - ^) iiM<n}- 

q=d k,l=l q=d rSZ 

When q ^ d and r G Z are fixed, we have that 

q\alpiry{l )l{|r|<n} -^ Q^-<4p{ry as n -> oo. 



n 



On the other hand, using that \p{k)\ = \E[XiXk+i]\ ^ J E[Xf]E[Xf^i^] = 1, we have 
g!aXr)r(l - ^)1{|h<„} ^ qlal\p{r)\'^ ^ g!«Xr)|^ 



with E^dEr6z9'«gl/o('^)l'^ = ^[</'^(^i)]xEreZ \pir)\'^ < ^^ see ([13]). By applying the dominated 
convergence theorem, we deduce that -£"[1^] — )• o"^ as n — ?• oo, with o"^ G [0, oo) given by (jl.6p . 

Let us next concentrate on the proof of (|1.5p . We shall do it in three steps of increasing generality 
(but of decreasing complexity!): 

(i) when f = Hq has the form of a Hermite polynomial (for some g' ^ 1); 

(ii) when f = P £ M.[X] is a real polynomial; 



(iii) in the general case when ip G Lp'iM., e ^ '"^dx). 

We first show that (ii) imphes (iii). That is, let us assume that Theorem 11.11 is shown for 
polynomial functions ip, and let us show that it holds true for any function ip G L^(M, e~^ ''^dx). 
We proceed by approximation. Let A'^ ^ 1 be a (large) integer (to be chosen later) and write 



^ N n ^ oo n 

^n = —l=2_^a'q2_^Hq{Xk) + —1= 2_^ °g / . Hq{Xk) ='■ Vn,N + Rn,N- 
V q=d fc=l V „=Ar+i k=i 



N 
I 

q=d /c=i ■ q= 

Similar computations as above lead to 

oo 

supE[Rl^]^ J2 g!a^x^|p(r)|<^^OasiV^(X). (1.7) 

"■'^^ q=N+l reZ 

(Recall from ()1.4p that E[ip'^{Xi)] = Yl'nLdQ^-'^q < °°-) ^^ ^^^ other hand, using (ii) we have that, 
for fixed A^ and as n — t- oo, 

Vn,N'^ M lo^Y^qlalY^piky] . (1.8) 

y q=d fceZ J 

It is then a routine exercise (details are left to the reader) to deduce from (|1.7p - (|1.8p that 

Vn = yn,N + Rn,N -^ AA(0, (T^) as n — )■ OO, that is, that (iii) holds true. 

Next, let us prove (i), that is, (|1.5p when (p = Hq is the gth Hermite polynomial. We actually 
need to work with a specific realization of the sequence {Xk}k'^i. The space 

T-L := span{Xi,X2,. . .} 

being a real separable Hilbert space, it is isometrically isomorphic to either M (with A^ ^ 1) or 
L^(M+). Let us assume that "H — L^(]R+), the case where T-L ~ M^ being easier to handle. Let 
$ : 7^ — > L^(R+) be an isometry. Set e^ = ^{Xk) for each /c ^ 1. We have 

p{k - I) = E[XkXi] = ek{x)ei{x)dx, A:,/^l (1.9) 

Jo 

Ii B = {Bt)t^o denotes a standard Brownian motion, we deduce that 

{Xk}k^i'^ { r ek{t)dBt] , 

these two families being indeed centered, Gaussian and having the same covariance structure (by 
construction of the e^'s). On the other hand, it is a well-known result of stochastic analysis (which 
follows from an induction argument through the Ito formula) that, for any function e G L^(IR+) 
such that ||e||x,2m ) = 1, we have 



/ e{t)dBt)=q\ dBt,e{h) dBtAt2)--- dBt^e{tq). (1.10) 

Jo / Jo Jo Jo 

(For instance, by Ito's formula we can write 

2 ("OO fti 



/"OO \ ^ /"OO ptl /'OO 

/ e{t)dBt] = 2 dBtAh) dBt,e{t2)+ e{tfdt 

Jo J Jo Jo Jo 



roo rti 

2/ dBtAh) dBt,e{t2) + l, 
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which is nothing but (jl.lOp for q = 2, since H2 = X'^ — 1-) At this stage, let us adopt the two 
following notational conventions: 

(a) If if (resp. i{j) is a function of r (resp. s) arguments, then the tensor product c^ (g) ^ is the 
function of r + s arguments given by 99 ® V'(a^i) ■ ■ ■ > Xr+s) = ^{xi, . . . , Xr)tp{xr+i, • • • , Xr+s)- 
Also, if g ^ 1 is an integer and e is a function, the tensor product function e®'' is the function 
e (8) . . . (8) e where e appears q times. 

(b) If / 6 L^(M^) is symmetric (meaning that f{xi, . . . ,Xg) = /(x^(i), . . . ,Xo-(^)) for all 
permutation a E Gg and almost all xi, . . . ,Xq £ M+) then 

I^U) = / /(*i, ■ ■ ■,tq)dBt, . . . dBt^ := q\ / dBt, / dBt, ... dBtJ{h, . . . ,t,). 

JM'^ JO Jo Jo 

With these new notations at hand, observe that we can rephrase (jl.lOp in a simple way as 

Hg^j\{t)dB^=I^{e^'^). (1.11) 

It is now time to introduce a very powerful tool, the so-called Fourth Moment Theorem of Nualart 
and Peccati. This wonderful result lies at the heart of the approach we shall develop in these lecture 
notes. We will prove it in Section [5j 

Theorem 1.3 (Nualart, Peccati, 2005; see |40) ) Fix an integer q ^ 2, and let {/n}n>i be a 
sequence of symmetric functions 0/ L^(M!^). Assume that E[I^[fn)'^\ = q^WfnW'^-ziTai \ -^ ^"^ o-s 
n — )• 00 for some (t > 0. Then, the following three assertions are equivalent as n —)■ 00; 

(l)lf{fn)'^^M{0y); 



(2) Ell^{fn)^]'^3a^; 

(3) Wfn'SSr fn\\]^2/^'2i-'2rs — )■ for cach r = 1, . . . ,q—l, where fn^rfn is the function of L 
defined by 



2/Tn>2g-2r> 



fn<^r fn{xi,. ■ ■ ,X2q-2r) 

fn{xi, . . . , Xg^r, yi,---, yr)fn{Xg-r+l, ■■■, X2q--2r,yi, ■■■ , yr)dyi . . . dyr 



Remark 1.4 In other words. Theorem 11.31 states that the convergence in law of a normalized 
sequence of multiple Wiener-Ito integrals J^ (/„) towards the Gaussian law AA(0, c"^) is equivalent 
to convergence of just the fourth moment to 3a^. This surprising result has been the starting point 
of a new line of research, and has quickly led to several applications, extensions and improvements. 
One of these improvements is the following quantitative bound associated to Theorem 11.31 that we 
shall prove in Section by combining Stein's method with the Malliavin calculus. 

Theorem 1.5 (Nourdin, Peccati, 2009; see |27] ) If q ^ 2 is an integer and f is a symmetric 
element of L^M.1) satisfying E[lf{ff\ = q\\\ffr2(^, ^ = 1, then 



sup 

ACB(K) 



P[I^{f)eA]-^ [ e-^'/'dx 

V^TT J A 



q-1 



^'^\r-^\/m^(m-^\ 



Let us go back to the proof of (i), that is, to the proof of (jl.Sp for y? = Hq. Recall that 
the sequence {e^} has be chosen for (|1.9|) to hold. Using (jl.lOp (see also (jl.lip ). we can write 

K = /f(/n),with 






1 

k=\ 

We already showed that -E[T^] — )■ o"^ as n — )■ oo. So, according to Theorem II .31 to get (i) it remains 
to check that ||/„ (8)^ fn\\ip.(^'i-'ir\ -^ for any r = 1, . . . , (7 — 1. We have 



n ^-^ "■ ' n 

k,l=l k,l=l 



k,l=l 
1 " 

implying in turn 



n ^ — ' ■ • fi. ' 

kA=l 



Win ®r jn\\j^2m2i-'2r\ 



1 

j,J,fc,/=l 
n 

^ E pii-jrp{k-iYp{i-kr'pu-iy-'^. 



j,j,fc,/=i 



n 

j,j,fc,/=i 

Observe that \p{k — l)\^\p{i — k)\'^~^' ^ \p{k — /)|^ + \p{i — k)\'^. This, together with other obvious 
manipulations, leads to the bound 

ll/n 0r fn\\%^^2^.-2r^ ^ ^ E \P^^)\' E l^^l^' E \P(^)\'"' 

feeZ |j|<n \j\<n 

^ ^E 1/^(^)1' Ei/'«rEi^(^')r' 

fceZ |i|<n |j|<n 

= 2^ 1^(^)1-^ X n-^ Yl i/'Wi^' X ^"' E \p(j)r''- 

fceZ |i|<n |j|<n 

Thus, to get that ||/„ (8),. /„||^2ciR29-2rN — )• for any r = 1, . . . , g — 1, it suffices to show that 



q — r 

sJr) := n ~ 



E ^P^^^"" ~^ ^ ^^'^^ any r = 1, . . . , g - 1. 

|i|<n 



Let r = 1, . . . ,q — 1. Fix 6 £ (0, 1) (to be chosen later) and let us decompose s„(r) into 

Sn{r) = n ^ Y lp(^)r+?^ ^ E l/0(^)r =: •5l,n('5,r) + S2,n(5,?')• 
|^|<[?^<5] [7i(5]^|j|<n 

Using Holder inequality, we get that 

E l/'(')l''| (l + 2[n5])^ ^cstx,^!-^/^ 
|i|<M / 

7 




as well as 

\[n.<5]s;|i|<n / \\i\Mn-S] 

Since 1 — r/q > 0, it is a routine exercise (details are left to the reader) to deduce that Sn{r) — ?• 
as n — )• oo. Since this is true for any r = 1, . . . ,q — 1, this concludes the proof of (i). 

It remains to show (ii), that is, convergence in law (jl.Sp whenever 99 is a real polynomial. We 
shall use the multivariate counterpart of Theorem 11.31 which was obtained shortly afterwards by 
Peccati and Tudor. Since only a weak version (where all the involved multiple Wiener-Ito integrals 
have different orders) is needed here, we state the result of Peccati and Tudor only in this situation. 
We refer to Section [6] for a more general version and its proof. 

Theorem 1.6 (Peccati, Tudor, 2005; see |46]) Consider I integers qi,...,qi ^ 1, with I ^ 2. 
Assume that all the qi 's are pairwise different. For each i = 1, . . . ,1, let {/^}n.^i be a sequence of 
symmetric functions o/L^(]R^) satisfying E[I^.{fJ:^)'^] = qi^-\\fn\\'l2fTn>''i\ ~^ ^1 as n —)• 00 for some 
(Ti > 0. Then, the following two assertions are equivalent as n —)• 00; 

(1) I^Sfl,)'!^M{f),al)foralli = l,...,l; 

m (l,f(/^,),...,I,f(/^))^^AA(0,diag(a?,...,cT?)). 

In other words, Theorem 1 1 . 61 proves the surprising fact that, for such a sequence of vectors of multiple 
Wiener-Ito integrals, componentwise convergence to Gaussian always implies joint convergence. We 
shall combine Theorem 11.61 with (i) to prove (ii). Let ip have the form of a real polynomial. In 
particular, it admits a decomposition of the type Lp = X]a=d ^g^q for some finite integer N ^ d. 
Together with (i). Theorem 1 1 . 6 1 vields that 

/ n 1 " \ 

^ j; i7,(Xfc), . . . , — ^ F;v(Xfc) r-^ AA(0, diag(a2, . . . , a^)) , 

\"^"'fc=i ^^ k=i ) 

where 0"^ = q\ Ylk&z Pi^Y^ q = d, . . . ,N. We deduce that 

N n ( ^ \ 

V q=d fc=l y q=d fceZ J 

which is the desired conclusion in (ii) and conclude the proof of Theorem 11.11 ■ 

To go further. In |33) . one associates quantitative bounds to Theorem 11.11 bv using a similar 
approach. 

2 Universality of Wiener chaos 

Before developing the material which will be necessary for the proof of the Fourth Moment Theorem 
11.31 (as well as other related results), to motivate the reader let us study yet another consequence 
of this beautiful result. 



For any sequence Xi,X2, ... of i.i.d. random variables with mean and variance 1, the central 
limit theorem asserts that Vn = (Xi + . . . + Xn)/^/n — )■ A/'(0, 1) as n — )■ oo. It is a particular 
instance of what is commonly referred to as a 'universality phenomenon' in probability. Indeed, we 
observe that the limit of the sequence Vn does not rely on the specific law of the Xj's, but only of 
the fact that its first two moments are and 1 respectively. 

Another example that exhibits a universality phenomenon is given by Wigner's theorem in the 
random matrix theory. More precisely, let {^ij}j>i^i and {Xjj/v2}i>i be two independent families 
composed of i.i.d. random variables with mean 0, variance 1, and all the moments. Set Xji = Xij 
and consider the n x n random matrix M„ = {—7^)i^i,ji^n- The matrix M„ being symmetric, 
its eigenvalues Ai^^, . . . ,Xn,n (possibly repeated with multiplicity) belong to R. Wigner's theorem 
then asserts that the spectral measure of M„, that is, the random probability measure defined as 
n Sfc=i ^^k n' converges almost surely to the semicircular law ^\/4^^x^li_2^2]{^)dx, whatever the 
exact distribution of the entries of M„ are. 

In this section, our aim is to prove yet another universality phenomenon, which is in the spirit 
of the two afore-mentioned results. To do so, we need to introduce the following two blocks of basic 
ingredients: 

(i) Three sequences X = {Xi,X2, ■ ■ ■), G = {Gi,G2, ■ ■ ■) and E = (ei,e2, ■ ■ ■) of i.i.d. random 
variables, all with mean 0, variance 1 and finite fourth moment. We are more specific with G 
and E, by assuming further that Gi ~ M{0, 1) and P{ei = 1) = P(ei = —1) = 1/2. (As we 
will see, E will actually play no role in the statement of Theorem 12.11 we will however use it 
to build a interesting counterexample, see Remark 12.21 (1).) 

(ii) A fixed integer d ^ 1 as well as a sequence gn '■ {1, • • • , n} — )• M, n ^ 1 of real functions, each 
gn satisfying in addition that, for all ii, . . . , i^ = 1, . . . , n, 

(a) gn{ii, ...,id)= 5n(V{i), • • • , V(d)) for ah permutation a G 6^; 

(b) gnih, ■ ■ ■ ; ^d) = whenever i^ = ii for some k ^ l; 

(c) d\Yl'l^,,^^^=lgnik,■■■,^df = 1- 

(Of course, conditions (a) and (b) are becoming immaterial when d = 1.) If x = (xi,X2, . . .) 
is a given real sequence, we also set 

n 
Qd{gn,^) = X] 9n{h,---,id)xi^...Xi^. 

Using (b) and (c), it is straightforward to check that, for any n ^ 1, we have E[Q(i{gm X)] = 
and^[Qrf(g„,X)2] = l. 

We are now in position to state our new universality phenomenon. 

Theorem 2.1 (Nourdin, Peccati, Reinert, 2010; see [34]) Assume that d ^ 2. Then, as 
n —7- oo, the following two assertions are equivalent: 

(a) Q,(5n, G)^-^AA(0,1); 

(P) Qdidn,^) -^ ^/'(0, 1) for any sequence X as given in (i). 

Before proving Theorem 12. H let us address some comments. 



Remark 2.2 1. In reality, the universality phenomenon in Theorem 12.11 is a bit more subtle 
than in the CLT or in Wigner's theorem. To illustrate what we have in mind, let us consider 
an explicit situation (in the case d = 2). Let gn '■ {1, • • • , n}'^ — t- M be the function given by 

1 

9n{hj) — ^ , ., l{t=l,j>2 or 7=1,J5!2}- 

2Vra - 1 J ' / / 

It is easy to check that gn satisfies the three assumptions (a)-(6)-(c) and also that 



1 " 

<32(S'n, x) = Xi X y~] Xk 

-Jn — 1 r~i 



^^ ^ fc=2 

The classical CLT then implies that Q2{gn-, G) — t- G1G2 and (52 (Sn; E) — t- £iG2- Moreover, it 
is a classical and easy exercise to check that £1^2 is A/'(0, 1) distributed. Thus, what we just 

showed is that, although (52(5niE) — )• AA(0, 1) as n — )■ 00, the assertion (/3) in Theorem 12.11 
fails when choosing X = G (indeed, the product of two independent AA(0, 1) random variables 
is not gaussian). This means that, in Theorem 12. H we cannot replace the sequence G in (a) 
by another sequence (at least, not by E !). 

2. Theorem 12.11 is completely false when d = 1. For an explicit counterexample, consider for 
instance gnii) = l{j=i}, i = l,...,n. We then have Qi((7n,x) = xi. Consequently, the 
assertion (a) is trivially verified (it is even an equality in law!) but the assertion (/3) is never 
true unless Xi ~ AA(0, 1). 

Proof of Theorem \2.1[ Of course, only the implication (a)— 7'(/3) must be shown. Let us divide its 
proof into three steps. 

Step 1. Set ej = lu.i^ji, i ^ 1, and let /„ S L^(M^) be the symmetric function defined as 

n 

fn= ^ gn{k,...,id)ei^® ...0ei^. 

il,...,id=l 



By the very definition of I^{fn): we have 

ti rtd-i 

dBt^ei^{t2) ■ ■ ■ 
Jo 



"^ f-oo i-ti rtd-i 

IdUn) = d\ 2Z 9nih,---,id) dBt^ei^ih) dBt^ei^{t2) ■ ■ ■ dBt^ei^{td). 

. _i Jo Jo Jo 



ii,...,ia=l 

Observe that 

f-oo r-ti rtd-l 

I dBt^ei^{ti) I dBt^ei^{t2) ■ ■ ■ / dBt^a^itd) 
Jo Jo Jo 

is not almost surely zero (if and) only if ig^ ^ z^^i ^ ... ^ ii. By combining this fact with 
assumption (b), we deduce that 

f-oo /■*! rtd-l 

Idifn) = d\ 2_] gn{k,---,id) dBt^a^iti) dBt^ei2{t2) . . . dBt^ei^{td) 

i^u<...<n^n -^0 -^0 -^0 

= d\ ^ gn{h,...,id){Bi^- Bi^^i) ...{Bi^- Bi^^i) 

l^iil<...<ii^n 

n 

= ^ gn{h,---,id){Bi^ - Bi^^i)...{Bi^- Bi^^i) = Qd{gn,G). 

«i,---i«d=i 
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That is, the sequence QdidmG) in (a) has actually the form of a multiple Wiener-Ito integral. 
On the other hand, going back to the definition of /„ ^d-i fn and using that {ei,ej)L2(R,) = Sij 
(Kronecker symbol), we get 

n I n \ 

/n®d-l/n=X] X] gn{i,k2,...,kd)gn{3,k2,...,kd)\ei®ej, 

i,j=l \k2,...,ka=l J 

so that 

||/n<^d-l /n|li2(iR2^) = X] ^ 9nii,k2,---,kd)gniJ,k2,...,kd) 

i,j=i \k2,---,ka=l 

n I n \ 

^ ^ ^ gn{i,k2,...,kdf\ (by summing only over z = j) 

«=1 \k2,...,kj_=l J 

( " V 

^ B^^ \ 5^ gn{hk2,...,kdf\ =tI, (2.12) 

\fc2,...,fcd=l / 



where 



T„ := max 



A;2,.--,fcd=l 



^ <7„(i,A;2,...,A:d)^ (2.13) 



law 



Now, assume that (a) holds. By Theorem 11.31 and because QdignjG) = lf{fn), we have in 
particular that ||/„ ®d-i fnWL^tR'^) — )• as n — )• oo. Using the inequality (|2.12p . we deduce that 
r„ — )• as n — )• oo. 

Step 2. We claim that the following result (whose proof is given in Step 3) allows to conclude 
the proof of (a) — )• (/?). 

Theorem 2.3 (Mossel, O'Donnel, Oleszkiewicz, 2010; see |20) ) Let X and G be given as in 
(i) and let g^ : {l,...,n} — )■ M 6e a function satisfying the three conditions (a)-(b)-(c). Set 
7 = max{3, £'[X^]} ^ 1 and let r„ he the quantity given by i2.13\) . Then, for all function 93 : R — )■ M 
of class C^ with \\(p"'\\oo < 00, we have 

\E[^iQdign,^))]-E[ip{Qdign,G))]\ ^ l{3 + 2j)l^''-'U^/''Vd).\\ip"'\\ooV^. 



Indeed, assume that (a) holds. By Step 1, we have that r^ — )• as n — )• 00. Next, Theorem 12.3 
together with (a), lead to (/3) and therefore conclude the proof of Theorem 12.11 



Step 3: Proof of Theorem 12.31 During the proof, we will need the following auxiliary lemma, 
which is of independent interest. 

Lemma 2.4 (Hypercontractivity) Let n ^ d ^ 1, and consider a multilinear polynomial 
P € M[xi, . . . , Xn] of degree d, that is, P is of the form 

P{xi,...,Xn) = ^ asjja^i- 

5c{l,...,n} JG5 

\S\=d 
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Let X be as in (i). Then, 

i?[P(Xi,...,X„)^] ^[?, + 2E[Xt]f''E[P{X^,...,Xnf]\ (2.14) 

Proof. The proof follows ideas from [20j is by induction on n. The case n = 1 is trivial. Indeed, 
in this case we have d = 1 so that P{xi) = axi] the conclusion therefore asserts that (recall that 
E[Xl] = 1, implying in turn that E[Xf] ^ E[Xlf = 1) 

a^E[Xf] ^a^(3 + 2^[Xl^])^ 
which is evident. Assume now that n ^ 2. We can write 

P(xi, ...,Xn)= R{xi, ..., Xn-l) + XnS{xi, ..., Xn-l), 

where R, S & M[xi, . . . ,Xn-i] are multilinear polynomials of n — 1 variables. Observe that R 
has degree d, while S has degree d — 1. Now write P = P{Xi, . . . ,Xn), R = R{Xi, . . . ,Xn-i), 
S = S{Xi, . . . ,Xn^i) and a = E[Xf]. Clearly, R and S are independent of X„. We have, using 
E[Xn] = and E[Xl] = 1: 

E[P^]=E[{Il + SXnf] = E[R^] + E[S'^] 

E[P^] = E[(R + SX„)4] = £;[R^] + 6^[R2s2] + 4E[X'^]E[IiS^] + E[X^]E[S% 



Observe that ^[R^S^] ^ y^E^]^/E\S^] and 



E[X^^]E[R.S^] ^ a3(E[R4])3(S[S^])4 <: a./E^]./E\¥] + aE[S% 

13 3 

where the last inequality used both X4y4 ^ ^j^j^y (by considering x < y and x > y) and a^ ^ a 
(because a ^ E[X^] ^ ElX^]"^ = 1). Hence 



^[P^] ^ E[K^] + 2i3 + 2a)^/E^]^/E\¥] + 5aE[S^] 

s^ ^[R4] + 2(3 + 2a)/E|R?]/EiS4] + (3 + 2a)2^[S^] 



^/E^] + {3 + 2a)^/E\¥] 



By induction, we have ^/E[Il'^] ^ (3 + 2a)"'^[R2] and ^/E[S*] ^ (3 + 2a)'^-^E[S'^]. Therefore 
^[P^] ^ (3 + 20)2^^ {E[K^] + ^[S^])^ = (3 + 2af'^E[P^f, 

and the proof of the lemma is concluded. ■ 

We are now in position to prove Theorem 12.31 Following |20) . we use the Lindeberg replacement 
trick. Without loss of generality, we assume that X and G are stochastically independent. For 
i = 0, . . . , n, let W^*' = (Gi, . . . , Gj, Xj+i, . . . , X„). Fix a particular i = 1, . . . ,n and write 



ii^i,...,idf^i 

Vi = Yl 9n{ii,...,id)wl^...wl'K..w^ 



id 

3j:ij=i 



d Yl 9n(i,i2,...,id)wi^...W^, 
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where W^ means that this particular term is dropped (observe that this notation bears no 
ambiguity: indeed, since gn vanishes on diagonals, each string ii, . . . , i^ contributing to the definition 
of Vi contains the symbol i exactly once). For each i, note that Ui and Vi are independent of the 
variables Xi and Gi, and that 

Qd(5n, W(^-i)) = [/, + XiV^ and Qd(<7n, W«) = [/, + dV^. 

By Taylor's theorem, using the independence of Xi from Ui and Vi, we have 

E[ip{Ui + X,Vi)] - E[ip{U)] - E[ip'{Ui)V;\E[X,] - ^E[^"{U.i)V;']E[X, 



D 



'"" Ewxii^mwvii^] 



Similarly, 



E[ip{Ui + G^Vi)] - E[^{U)] - E[^'{U)V;\E[Gi] - -Ey{U)V;']E[G^ 



^ -\\ip"'\\^E[\G^f]Em% 

Due to the matching moments up to second order on one hand, and using that £'[|Xj|'^] ^ 7 and 
-^[l^il"^] ^ 7 on the other hand, we obtain that 

ElipiQdign,^-'-^^))] -S[(^(gd(<7„,W«))]| = \E[ip{Ui + GiVi)] - E[ip{Ui + XiVt)]\ 

^ iy"\\^Em% 

By Lemma [2.41 we have 

E[\Vif] ^ E[V^]^ ^ (3 + 27)i('^"i)£;[y,2]|. 



Using the independence between X and G, the properties of gn (which is symmetric and vanishes 
on diagonals) as weh as E[Xi] = E[Gi] = and E[Xf] = E[Gf] = 1, we get 



implying in turn that 



dd\ ^ gn{i,i2,---,id) 



3/2 






i2,.--,«d=l 



Y^E[V^f/^ ^ {dd\f/^ 



i=l 



'\ 



max V 5n(j,j2,---,jdj^ X y] 9n{h,i2, 



,idf, 



J2,.--,id=i 



il,...,irf=l 



d3/2\/d!/^ 
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By collecting the previous bounds, we get 

\E[ip{Qd{gn,X))\- E[^{Qd{gn,G))\\ 



^ Y, \E[ip{Qd{9nM'-^^))] - i?[(/.(Q<i(5n, W»))] I 

n n 



i=l i=l 

7, 



■ 

As a final remark, let us observe that Theorem 12.31 contains the CLT as a special case. Indeed, 

fix (i = 1 and let Qn '■ {1, . . . , n} — )■ M be the function given by gn{i) = —/=■ We then have t„ = 1/n. 

It is moreover clear that Qi{gm G) ~ AA(0, 1). Then, for any function (/9 : M — )• M of class C^ with 

1 1 '/'"'I loo < oo and any sequence X as in (i). Theorem 12.31 implies that 



E 



^ 



]= f ip{y)e-y'/'dy 



In 
from which it is straightforward to deduce the CLT 



^max{^[X^]/3,l}||c^' 



/// 1 1 

|oO) 



To go further. In |34| . Theorem 12. II is extended to the case where the target law is the centered 
Gamma law. In |48| . there is a version of Theorem 12.11 in which the sequence G is replaced by P, 
a sequence of i.i.d. Poisson random variables. Finally, let us mention that both Theorems 12.11 and 
2.31 have been extended to the free probability framework (see Section [TT]) in the reference |13) . 



3 Stein's method 

In this section, we shall introduce some basic features of the so-called Stein method, which is the 
first step toward the proof of the Fourth Moment Theorem 11.31 Actually, we will not need the full 
force of this method, only a basic estimate. 

A random variable X is 7V(0, 1) distributed if and only if £'[e**'^] = e~* /^ for all t € M. This 
simple fact leads to the idea that a random variable X has a law which is close to 7\A(0, 1) if and 
only if £^[e**"'^] is approximately e~* ' ^ for all i S M. This last claim is nothing but the usual criterion 
for the convergence in law through the use of characteristic functions. 

Stein's seminal idea is somehow similar. He noticed in |52| that X is M{0, 1) distributed if and 
only if E[f'(X) —Xf{X)] = for all function / belonging to a sufficiently rich class of functions (for 
instance, the functions which are C^ and whose derivative grows at most polynomially) . He then 
wondered whether a suitable quantitative version of this identity may have fruitful consequences. 
This is actually the case and, even for specialists (at least for me!), the reason why it works so well 
remains a bit mysterious. Surprisingly, the simple following statement (due to Stein |52| ) happens 
to contain all the elements of Stein's method that are needed for our discussion. (For more details 
or extensions of the method, one can consult the recent books [9l[32] and the references therein.) 

Lemma 3.1 (Stein, 1972; see |52j ) Let N ~ A/'(0, 1) be a standard Gaussian random variable. 
Let /i : M — )• [0, 1] be any continuous function. Define / : M — )■ M by 
2 r^ „2 



f{x) = e^ {h{a)-E[h{N)])e--da (3.15) 

J ~OC 

= -e^ / (/i(a)-E[/i(iV)])e-'^£ia. (3.16) 



X 
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Then f is of class C^ , and satisfies |/(x)| ^ ^/tt/2, |/'(x)| ^ 2 and 

f'{x) = xf{x) + h{x) - E[h{N)] 
for all a; e M. 
Proof: The equality between (j3.15p and (|3.16p comes from 



{) = E[h{N) - E[h{N)]] = 
Using ()3.16p we have, for x ^ 0: 



{h{a) - E[h{N)])e-^ da. 



\xf{x)\ 



{h{a) - E[h{N)])e-^ da 



xe 2 

I X 

2 /■+00 2 2 /■+00 2 

^ xe 2 / e 2 da ^ e 2 / ae ^ da = 1. 



Using ()3.15p we have, for x ^ 0: 

„2 r^ 
\xf{x) 



xe 2 / {h{a) - E[h{N)])e--da 

oo 
2 r+co 2 2 r+oo 2 

X I a_ x__ I a^_ 

^ \x\e 2 / e 2 da ^ e ^ / ae 2 ^a = l. 

J|x| J\x\ 



The identity ()3.17p is readily checked. We deduce, in particular, that 

\nx)\^\xf{x)\ + \h{x)-E[h{N)]\^2 
for all X G M. On the other hand, by (|3.15p - (|3.16p . we have, for every x £ 



\fix)\ ^ e-'/2 



mm 



-yV2 



dy, 



-yV2 



dy 



^'/' re-y'/'dy^Jl, 



\x\ 



(3.17) 



given by 



where the last inequality is obtained by observing that the function s : R+ — t- 
s{x) = e^ f^ J°°e-y I'^dy attains its maximum at x = (indeed, we have 

/•oo /'OO 

s'{x) = xe"'/2 / ^-yV^dy - 1 ^ e^''/^ / ye~y'/^dy -1 = 

J X J X 

so that s is decreasing on ]R_|_) and that s(0) = \JtxI2. 

The proof of the lemma is complete. ■ 

To illustrate how Stein's method is a powerful approach, we shall use it to prove the celebrated 
Berry-Esseen theorem. (Our proof is based on an idea introduced by Ho and Chen in |16) . see also 
Bolthausen [5].) 

Theorem 3.2 (Berry, Esseen, 1956; see |15] ) Let X = (Xi,X2,...) he a sequence of i.i.d. 
random variables with £'[^1] = 0, £'[^f] = 1 and E[\Xi\^] < 00, and define 



1 " 

Wn ^-^ 
^ k=i 



n>l. 



to be the associated sequence of normalized partial sums. Then, for any n^ 1, one has 



sup 



PiVni^x) 



1 



~^"/^du 



< 



33E[\Xif] 



n 



(3.1J 
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Remark 3.3 One may actually show that (j3.18p holds with the constant 0.4784 instead of 33. This 
has been proved by Korolev and Shevtsova |18| in 2010. (They do not use Stein's method.) On the 
other hand, according to Esseen |15| himself, it is impossible to expect a universal constant smaller 
than 0.4097. 



Proof of L3.18\) . For each n ^ 2, let C„ > be the best possible constant satisfying, for all i.i.d. 
random variables Xi, . . . ,Xn with £'[|Xip] < oo, -E[Xi] = 1 and -E'[Xi] = 0, that 



sup 



P{Vn ^ X) 



^"^"'^du 



^ 



CnE[\Xi\^- 



n 



(3.19) 



As a first (rough) estimation, we first observe that, since Xi is centered with £'[X^] = 1, one has 
-E[|Xip] ^ £'[X^]2 = 1, so that Cn ^ ^/n. This is of course not enough to conclude, since we need 
to show that C„, ^ 33. 

For any x € M and e > 0, introduce the function 

{1 \i u ^ X — e 

linear \ix — e<u<x + e . 
if u ^ X + e 

It is immediately checked that, for all n ^ 2, e > and x G M, we have 

Elh^-eAVn)] ^ P{Vn ^ x) ^ S[/i,+,,,(K)]. 

Moreover, for N ~ A/'(0, 1), e > and x G M, we have, using that the density of N is bounded by 
1 

V2^' 



E\h:,+,^e{N)] 



4e 



^E[h,^eAN)] ^ P{N^x) 



^ E[h:,+e,e{^)\ ^ E[K_,AN)] + 



4e 



Therefore, for all n ^ 2 and e > 0, we have 



sup 



PiVn ^ X) 



1 



--'/'du 



Assume for the time being that, for all e > 0, 



^ sup \E[h:,AVn)] - E[h^AN)]\ + -L. 



sME[h.,e{Vn)] - E[h..,m\ ^ ^^^^ + '""""^ ''f'''^''^' 



x& 



n 



en 



(3.20) 



We deduce that, for all e > 0, 



sup 

xGR 



P{Vn ^ X) 



-^"/^du 



^ 6E[\Xi\^] , 3Cn-iE[\Xi\^y , 4e 



n 



en 



By choosing e = J "^ ^ £'[|Xi|'^], we get that 



sup 

xSR 



P{Vn ^ X) 



-"^"'^du 



^ 



E[\Xi\ 



n 



6+ 3 + 



yCn- 



16 



so that Cn ^ 6 + ( 3 + —7= I yJCn~i- It follows by induction that C„ ^ 33 (recall that C„ ^ ^/n so 
that C2 ^ 33 in particular), which is the desired conclusion. 

We shall now use Stein's Lemma l3. II to prove that (|3.20p holds. Fix a; G M and e > 0, and let 
/ denote the Stein solution associated with h = /ix,e, that is, / satisfies (j3.15p . Observe that h is 
continuous, and therefore / is C^ . Recall from Lemma l3. II that ||/||oo ^ \/f^ ^ind ||/'||oo ^ 2. Set 
also f{x) = xf{x), X gM. We then have 



(3.21) 



\f{x) - f{y)\ = \f{x){x -y) + (fix) - fiy))y\ < { \ h, + 2\y\ ) \x - y\. 



On the other hand, set 



v: = K 



Xi 



n 



, i = l,...,n. 



Observe that V^ and Xi are independent by construction. One can thus write 

E[h{Vn)] - E[h{N)] = E[f'{Vn) - VnfiVn)] 
n 

= E^ 



n 



/'(K)--/(K)^ 

n X n 



E^ 

i=l 
n 

Es 



/'(K.)i-(/(V„)-/(K))4i 

n \ n 



i=\ 



n \ Jn I n 



because E[f{VX)X.i\ = E[fiVj^]E[Xi] = 



with 6 ~ ^[0,1] independent of Xi, . . . , Xn- 



We have f'{x) = f{x) + h{x) - E[h{N)], so that 

n 

E[h{Vn)] - E[h{N)] = J2 Hi) - bid) + <h) - bi{h)), 
where 



(3.22) 



i=l 



a,{g) = E[g{Vn) - g{V^]- and h{g) = E 



n 



g\v:, + e^]-g{vx)]xi 



1 

n 



(Here again, we have used that V^ and Xi are independent.) Hence, to prove that ()3.20p holds true, 

we must bound four terms. 

1st term. One has, using (pl^ as weh as E[\Xi\] ^ E[Xl]^ = 1 and E[\Vf^W ^ E[{VX)'^]h ^ 1, 



2nd term. Similarly and because E[9] = |, one has 



^^{EmE\\xA^]^^+2E[mx.?\E[K\]) < (iy|+i)M^ 



3rd term. By definition of h, we have 

h{v) — h{u) = {v — u) I h'{u + s{v — u))ds 
Jo 



V — u 
2e 



E 



l[^_s,x+e]{u + 9{v-u)) 
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with 9 ~ '^[0,1] independent of 6 and Xi, . . . , X„, so that 



|aj(/i)| < 



< 



2e 


n.yn 




1 


2e 


n^/n 




1 



/n 



S 



l^«|lfx-e,a;+el i K,* + ^^^ 



|X,;|P X 



n 



e^V:^x 



+ e 



n 



y=ex. 



_ sup P { X ^ - e ^V^i^x ^ + e 

2en^n j^gK V Vn x/n 



We are thus left to bound P{a ^ 1/^ ^ fe) for all a^h ^ M. with a ^ b. For that, set 
V^ = I ^_^ "^j^iXj, so that Vn = \/l — ^V^- We then have, using in particular ()3.19p (with 
n — 1 instead of n) and the fact that the standard Gaussian density is bounded by -h=, 



P{a ^V:^b) 





^N i: 



l-z: 



We deduce that 

|aj(/i)| ^ ■ I . 

\/2TT7iy/n — 1 n^jn^n — 1 e 

J^th terra. Similarly, we have 



\hih)\ 



1 



E 



^ 



^ 



2n^fne 

E\\X^^ 



XlQ\ 
supP I X 



T/ -I- 
X— e,z+e| \ "^n ~r 



Xi 



e ^ Ve ^ X 



n 



+ e 



n 



+ 



C„_i^[|Xi| 



312 



2^/2TTny/n — 1 2ny/nyjn — 1 e 



Plugging these four estimates into (j3.22p and by using the fact that n ^ 2 (and therefore n— 1 ^ ^) 
and ii^[|Xip] ^ 1, we deduce the desired conclusion. ■ 

To go further. Stein's method has developed considerably since its first appearance in 1972. 
A comprehensive and very nice reference to go further is the book [9] by Chen, Goldstein and Shao, 
in which several applications of Stein's method are carefully developed. 
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4 Malliavin calculus in a nutshell 

The second ingredient for the proof of the Fourth Moment Theorem 1 1.3 1 is the MaUiavin calculus (the 
first one being Stein's method, as developed in the previous section). So, let us introduce the reader 
to the basic operators of Malliavin calculus. For the sake of simplicity and to avoid technicalities 
that would be useless in this survey, we will only consider the case where the underlying Gaussian 
process (fixed once for all throughout the sequel) is a classical Brownian motion B = {Bt)t^o defined 
on some probability space {Q,J^,P); we further assume that the cr-field J^ is generated by B. 

For a detailed exposition of Malliavin calculus (in a more general context) and for missing proofs, 
we refer the reader to the textbooks |321 [38] . 

Dimension one. In this first section, we would like to introduce the basic operators of Malliavin 
calculus in the simplest situation (where only one Gaussian random variable is involved). While 
easy, it is a sufficiently rich context to encapsulate all the essence of this theory. We first need to 
recall some useful properties of Hermite polynomials. 

Proposition 4.1 The family (Hq)q^f^ C M.[X] of Hermite polynom,ials has the following properties. 

(a) H'g = qHq^i and Hq^i = XHq — qHq^i for all q G'N. 

(h) The family i—^Hq\ is an orthonormal basis o/L^(R, -^e~^ ''^dx). 

(c) Let ([/, V) he a Gaussian vector with [/, ^ ~ A/'(0, 1). Then, for all k,l G'N, 

q\E[UV]'l ifp = q 



^ "^ ^0 otherwise. 

Proof. This is well-known. For a proof, see, e.g., |32| Proposition 1.4.2]. ■ 

Let c^ : M — 7- M be an element of L^(R, -j=e~^ '^dx). Proposition 14. iT b) implies that if may be 



expanded (in a unique way) in terms of Hermite polynomials as follows: 



oo 



^ = ^aqHq. (4.23) 

When if is such that "^qqlOq < oo, let us define 

oo 

D^ = Y,QaqHq_i. (4.24) 

Since the Hermite polynomials satisfy H' = qHq^i (Proposition 14. 1 T a) ) . observe that 

(in the sense of distributions). Let us now define the Ornstein-Uhlenbeck semigroup {Pt)t^o by 
oo 

Pt^ = Y,e-'"aqHq. (4.25) 

<?=o 
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Plainly, Pq = Id, PtPs = Pt+s {s,t^ 0) and 

DPt = e-'PtD. 
Since {Pt)t^o is a semigroup, it admits a generator L defined as 

T- ^1 P 

at 



(4.26) 



Of course, for any t ^ one has that 



at h-s>o n 



Pi , P/, - Id 
— = hm Pt r 



Pt lim 



P/, - Id 



Pt 



dh 



Ph = PtL, 



h=0 



and, similarly, -^Pt = LPt- Moreover, going back to the definition of {Pt)t^o, it is clear that the 
domain of L is the set of functions tp G L^(]R, -j=e~^ '"^dx) such that "^q^q^a^ < oo and that, in 
this case. 



27r 



Lip = -^qaqHq. 

q=Q 

We have the following integration by parts formula, whose proof is straightforward (start with the 
case (f = Hp and -0 = Hq, and then use bilinearity and approximation to conclude in the general 
case) and left to the reader. 



Proposition 4.2 Let ip he in the domain of L and ip he in the domain of D. Then 

e~ 



Lip{x)ip{x 



e--'/2 



27r 



dx 



D(f{x)Di;{x)- 



-xV2 



■dx. 



1.27) 



We shall now extend all the previous operators in a situation where, instead of dealing with 
a random variable of the form F = ^piN) (that involves only one Gaussian random variable A^), 
we deal more generally with a random variable F that is measurable with respect to the Brownian 
motion {Bt)t^o. 

Wiener integral. For any adapteqU and square integrable stochastic process u = {ut)t^Q, let 
us denote by L UtdBt its Ito integral. Recall from any standard textbook of stochastic analysis 
that the Ito integral is a linear functional that takes its values on L^(i7) and has the following basic 
features, coming mainly from the independence property of the increments of B: 

(4.28) 
(4.29) 



E 





r f °° 1 




E 


/ UsdBs 
Jo 


= 


/•oo POO 1 




1 UsdBs X / VsdBs 


= E 





Jo J 





UctV^ds 



is deterministic, we say that L f[s)dBs is the Wiener 



In the particular case where u = f ^ L^(]R. 
integral of f; it is then easy to show that 

POO / POO \ 

J fis)dBs^Mio,J f\s)ds\ 

^Any adapted process u that is either cadlag or caglad admits a progressively measurable version. We will always 
assume that we are dealing with it. 



(4.30) 
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Multiple Wiener-Ito integrals and Wiener chaoses. Let / E L^(]R^). Let us see how one 
could give a 'natural' meaning to the g-fold multiple integral 

I^{f)= I f{si,...,s,)dBs,...dBs^. 

To achieve this goal, we shall use an iterated Ito integral; the following heuristic 'calculations' are 
thus natural within this framework: 

/ fisi,...,Sq)dBs-,...dBs 

JRI 

(Tee, >*+ 

= 2^ dBs^t^,^ dBs^^^y.. dBs^^^J{si,...,Sq) 

cree, ° JO Jo 

= V / dBt^ / dBt2... d-Bj^/(t^-i(i),... ,t^-i(g)) 

aee/o ^0 Jo 

= E/ ^^*i / dBt,... dBtJ{t„(i~^,...,t„i^q)). (4.31) 



(T66q 



Now, we can use ()4.3ip as a natural candidate for being I^{f). 

Definition 4.3 Let q'^ 1 he an integer. 

1. When f G L'^{M.'i), we set 

r-co r-ti r^q-l 

^f(/)=E/ ^^*i / dBt,... dBtJ{t^^i),...,t„^q)). (4.32) 

The random variable Iq{f) is called the qth multiple Wiener-Ito integral of f. 

2. The set T-L^ of random variables of the form I^{f), f G L^(]R5^), is called the qth Wiener chaos 
of B. We also use the convention T-Lq = M. 

The following properties are readily checked. 

Proposition 4.4 Let q^ 1 be an integer and let f G L^(R^). 

1. If f is symmetric (meaning that f{ti, . . . ,tq) = f{ta-n),---,t^^q\) for any t G M.'^ and any 
permutation a G &q), then 

/•OO l-ti r^q-i 

Iqif) = ql / dBt, / dBt, ... dBt^ f{ti, ..., tq). (4.33) 

Jo Jo Jo 

2. We have 

I^{f) = I^{f), (4.34) 

where f stands for the symmetrization of f given by 

fitu...,tq) = ^ Y, fitail),---,Ug))- (4.35) 



q\ 
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3. For any p,q^l, f e L^M.^) and g G L^{M.\), 

E[Ig{f)] = (4.36) 

E[I^{f)I^{g)] = pl{lg)L^ml) 'fP = 1 (4-^^) 

E[ll^{f)I^{g)] = ifp^q. (4.38) 

The space L'^{Q,) can be decomposed into the infinite orthogonal sum of the spaces Ti^. (It is a 
statement which is analogous to the content of Proposition I4.ir b). and it is precisely here that we 
need to assume that the a-field J-" is generated hy B.) It follows that any square-integrable random 
variable F S L^(0) admits the following chaotic expansion: 

oo 

F = E[F] + Y,Igif<i), (4.39) 

9=1 

where the functions fg G L^(M^) are symmetric and uniquely determined hy F. In practice and 
when F is 'smooth' enough, one may rely on Stroock's formula (see |53j or |38| Exercise 1.2.6]) to 
compute the functions fg explicitely. 

The following result contains a very useful property of multiple Wiener-Ito integrals. It is in the 
same spirit as Lemma [2. 



Theorem 4.5 (Nelson, 1973; see 121]) Let f G L'^{Rl_) with q^l. Then, for all r ^ 2, 

E[\I^{m ^ [{r - l)''<7!]^-/2||/||l.(^p < oo. (4.40) 

Proof. See, e.g., |32| Corollary 2.8.14]. (The proof uses the hypercontractivity property of {Pt)t^o 
defined as (jilJH]) .) ■ 

Multiple Wiener-Ito integrals are linear by construction. Let us see how they behave with respect 
to multiplication. To this aim, we need to introduce the concept of contractions. 

Definition 4.6 When r G {1, . . . ,p A g}, / G L'^{'M^^) and g G L^(M^), we write f ^r 9 to indicate 
the rth contraction of f and g, defined as being the element o/L^(IR^ '^~ *") given by 

if^rg)itl,...,tp+g-.2r) (4.41) 

J [ti, . . . , tp—r, Xi, . . . , Xr)g[tp—r+l^ • • • j '^p+q—2r i 2^1; • • • ; Xf)ClX\ . . . ClXr- 



By convention, we set f <S>o 9 = f '^ 9 as being the tensor product of f and g, that is, 

if 'S>0 9){tl, ■ ■ ■ ^tp+q) = /(*!)• • • )*p)5(*p+l)- • • ^tp+q)- 

Observe that 

ll/®r5'llL2(KP+9-2'-) < ||/||l2(IR^)II5'IIl2{rP> r = 0,...,pAq (4.42) 

by Cauchy-Schwarz, and that f ®pg = (/, 9) I'^rgp \ when p = q. The next result is the fundamental 
product formula between two multiple Wiener-Ito integrals. 
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Theorem 4.7 Letp,q ^ 1 and let f G L^(]R^) and g G L^(IRl) 6e iwo symmetric functions. Then 



pA(J 



/p''(/)^f (5) = E^'Q 0^pV2r(/®rff), (4.43) 

where f ®r 9 stands for the contraction ( (^.^j[ j. 

Proof. Theorem 14.71 can be established by at least two routes, namely by induction (see, e.g., |38| 
page 12]) or by using the concept of diagonal measure in the context of the Engel-Rota-Wallstrom 
theory (see |45|). Let us proceed to a heuristic proof following this latter strategy. Going back to 
the very definition of /p (/), we see that the diagonals are avoided. That is, Ip{f) can be seen as 

./Ml 
The same holds for I^{g). Then we have (just as through Fubini) 

4 (/)4 {9) = / f{si, . . . ,Sp)l{s.^s^^i^j}g{ti, . . . ,tq)li^t,^t,,i^j}dBs-^ . . .dBspdBt^ . . .dBt^. 

While there is no diagonals in the first and second blocks, there are all possible mixed diagonals in 
the joint writing. Hence we need to take into account all these diagonals (whence the combinatorial 
coefficients in the statement, which count all possible diagonal sets of size r) and then integrate out 
(using the rule {dBt)^ = dt). We thus obtain 

which is exactly the claim ()4.43p . ■ 

Malliavin derivatives. We shall extend the operator D introduced in (|4.24p . Let F G L'^{Q) 
and consider its chaotic expansion (|4.39p . 

Definition 4.8 1. When m ^ 1 is an integer, we say that F belongs to the Sobolev-Watanabe space 

D™'2 tf 

00 
Y.q^qim\lHul)<^- (4-44) 

9=1 

2. When \4-44^ holds with m = I, the Malliavin derivative DF = {DtF)t^Q of F is the element of 
L'^{VL X M+) given by 

00 

AF = E <-!(/<?(•'*))• (4-45) 

9=1 



3. More generally, when { 4-44^ holds with an m bigger than or equal to 2 we define the mth Malliavin 
derivative D^F = (Dti,...,i„ji^)ii,...,t,„^o of F as the element of Lp'{Q. x M'") given by 

00 
Dt,_t^F=Y,<l{<l-^)---{Q-^ + ^)I^~^{U{-M,---,tm))- (4.46) 



q=m 
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The power 2 in the notation B"*'^ is because it is related to the space L^(i7). (There exists a 
space D^'P related to L'p{Q) but we will not use it in this survey.) On the other hand, it is clear by 
construction that D is, a. linear operator. Also, using ()4.37p - ()4.38p it is easy to compute the L^-norm 
of DF in terms of the kernels fq appearing in the chaotic expansion (|4.39p of F: 

Proposition 4.9 Let F G D^'^. We have 



E 



\DF\ 



L2(R+) 



E^^'ii/' 



9llL2(M9 )■ 



<?=! 



Proof. By (|4.45p . we can write 



E 



\DF\ 



L2(R+) 



E 



2i 



£<„! (/,(.,*)) 



.9=1 



dt 



oo „ 

E pq / E[l^_^{a.,t))I^_^{U{.,t))]dt. 



Using ()4.38p . we deduce that 



E 



IDE 






itAM;t)y 



dt. 



Finally, using (j4.37p . we get that 
E 



^P\\h{R+)\ =^Q'^iQ-'^y- / \\fA-^t)\\l,^^, l^dt = ^qq\\\fg\\l2(Rl)■ 
q=l •^^+ q=l 



Let Hg be the gth Hermite polynomial (for some q ^ 1) and let e € L^(M+) have norm 1. Recall 
(jl.lOp and Proposition 14. iT a). We deduce that, for any t ^ 0, 



DtiH. 



q ^ I e{s)dWs 





= A(/f(e«'^)) = g/f_i(e^«-^)e(t) 

(POD \ / /'OO \ / fca 

I e{s)dBAe{t) = H'A e{s)dBs\Dt{ e{s)dB, 

More generally, the Malliavin derivative D verifies the chain rule: 

he both of class C^ and Lipschitz, and let F G B^'^. Then, 



Theorem 4.10 Let ip : R ^ 

(p{F) G B^'2 and 

DMF) = A{F)DtF, t ^ 0. 
Proof. See, e.g., [38l Proposition 1.2.3]. 



(4.47) 



Ornstein-Uhlenbeck semigroup. We now introduce the extension of ()4.25p in our infinite- 
dimensional setting. 
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Definition 4.11 The Ornstein-Uhlenbeck semigroup is the family of linear operators {Pt)t^o defined 
on L^{n) by 

oo 

PtF = ^e-'i'l^if,), (4.48) 

q=0 



where the symmetric kernels fq are given by J^.A'^ ). 



A crucial property of {Pt)t'^o is tlie Meliler formula, that gives an alternative and often useful 
representation formula for Pt- To be able to state it, we need to introduce a further notation. 
Let {B,B') be a two-dimensional Brownian motion defined on the product probability space 
(fi, J",P) = ($7 X 0',^ ,^',P X P'). Let F £ L'^{n). Since F is measurable with respect to 
the Brownian motion B, we can write F = ^f{B) with ^p a measurable mapping determined 
P o B~^ a.s.. As a consequence, for any i ^ the random variable '^p{e~^B + Vl — e~^*-B') is 
well-defined P x P' a.s. (note indeed that e~^B -\- VT— e^*-B' is again a Brownian motion for any 
t > 0). We then have the following formula. 

Theorem 4.12 (Mehler's formula) For every F = F{B) G L^(r2) and every t ^ 0, we have 



Pt{F) = E' [^F{e~^B + Vl - e-2ts')] , (4.49) 

where E' denotes the expectation with respect to P' . 

Proof. By using standard arguments, one may show that the linear span of random variables F 
having the form F = exjp J^ h{s)dBs with h € L'^(W^) is dense in L'^{^). Therefore, it suffices 
to consider the case where F has this particular form. On the other hand, we have the following 
identity, see, e.g., |32l Proposition 1.4.2(m)]: for all c, x G M, 

oo g 



.=0^' 



foo h{s) 



with Hq the g'th Hermite polynomial. By setting c = ||/i||L2m ^ = \\h\\ and x = f^ -J^dBs, we 
deduce that 



-r^«— *"*£^'^'(rw-) 



<?=0 
implying in turn, using (jl.lOp . that 



("OO °^ 1 

exp / h{s)dBs = e^ll^^ll' V ^4^ (^®') • (4-50) 

^0 t^r^Q- 



q=0 

Thus, for F = exp L h{s)dBs, 



oo _„t 



q=0 ^■ 
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On the other hand, 



r /'°° 

E' [^F{e^^B + Vl - e-2*5')] = E' exp / h{s){e~^dBs + \/l - e-^^dB';^ 

I Jo 

= exp Te"* y" /i(s)dS,') exp P "^"^ \\h\A 

= PiF. 
The desired conclusion follows. ■ 

Generator of the Ornstein-Uhlenbeck semigroup. Recall the definition ()4.44p of the 
Sobolev-Watanabe spaces B™''^, m ^ 1, and that the symmetric kernels fq G L^(]R^) are uniquely 
defined through (|4.39p . 

Definition 4.13 1. The generator of the Ornstein-Uhlenbeck semigroup is the linear operator L 
defined on D^'^ by 

oo 
q=0 

2. The pseudo-inverse of L is the linear operator L~^ defined on L'^{fl) by 

oo ^ 
9=1 

It is obvious that, for any F G L'^{i^), we have that L^^F G B^'^ and 

LL-^F = F-E[F]. (4.51) 

Our terminology for L~^ is explained by the identity (|4.5ip . Another crucial property of L is 
contained in the following result, which is the exact generalization of Proposition 14.21 



Proposition 4.14 Let F G ©^,2 ^^^ q ^ ^51,2^ j.^^^ 

E[LF xG] = -E[{DF,DG)l2^^J. (4.52) 

Proof. By bilinearity and approximation, it is enough to show ()4.52p for F = Ip{f) and G = Iq{g) 
with p, g ^ 1 and / G Lp'i^,)., g G L^(M5^) symmetric. When p ^ q, we have 



E[LFxG] = -pE[llf{f)I^{g)]=0 



and 



00 

B If, 4.\\tB 



E[{DF,DG)L2^^J=pq / E[I^_,{f{;t))I^_,{g{.,t))]dt = 

Jo 

by (|4.38p . so the desired conclusion holds true in this case. When p = q, we have 
E[LF xG] = -pE[I^{f)I^{g)] = -pp\{f,g)^,^^,^^ 
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and 

fOO 



Jo 



by (|4.37p . so the desired conclusion holds true also in this case. ■ 

We are now in position to state and prove an integration by parts formula which will play a 
crucial role in the sequel. 

Theorem 4.15 Let (^ : M — > M be both of class C^ and Lipschitz, and let F G D^'^ and G G L'^{Vl). 
Then 

Cov{G,^{F)) = E[^'{F){DF,-DL-'G)l2(^^^)]. (4.53) 

Proof. Using the assumptions made on F and ip, we can write: 

Cov(G,c/^(F)) = E[L{L^^G) X ip{F)] (by g3ID) 

= E[{D^{F),-DL-'G)l2(^^J (bydlSID) 
= E y{F){D^{F), -DL~'G)l2(^^^)] (by ^M), 
which is the announced formula. ■ 

Theorem 14.151 admits a useful extension to indicator functions. Before stating and proving it, 
we recall the following classical result from measure theory. 

Proposition 4.16 Let C be a Borel set in M, assume that C C [— ^, ^] for some A > Q, and let 
fj, be a finite measure on [—A, A]. Then, there exists a sequence (hn) of continuous functions with 
support included in [—A, A] and such that hn{x) G [0, 1] and lc(a^) = limn-s>oo hn{x) fi-a.e. 

Proof. This is an immediate corollary of Lusin's theorem, see e.g. |50t page 56]. ■ 

Corollary 4.17 Let C be a Borel set in M, assume that G C [— ^,^] for some A > 0, and let 
F G D^'^ be such that E[F] = 0. Then 



E 



f-F -1 

F lc{x)dx =E[1c{F){DF,-DL-'F)l2^^^)]. 

J ~oo J 



Proof. Let A denote the Lebesgue measure and let Pp denote the law of F. By Proposition 14.161 
with /i = (A + Pp)|r_yi^yii (that is, /x is the restriction of A + Pp to [—A, A]), there is a sequence 
{hn) of continuous functions with support included in [—A, A] and such that hn{x) G [0,1] and 
'^c{x) = lim„_s.oo hn{x) fi-a.e. In particular, Icix) = lim„,_5.oo hn{x) A-a.e. and Pp-a.e. By Theorem 
I4.15[ we have moreover that 



E 



I'F -I 

F K{x)dx =E[hn{F){DF,-DL~'F)L2(^^^)]. 

J —oo J 



The dominated convergence applies and yields the desired conclusion. ■ 

As a corollary of both Theorem 14.151 and Corollary I4.17| we shall prove that the law of any 
multiple Wiener-Ito integral is always absolutely continuous with respect to the Lebesgue measure 
except, of course, when its kernel is identically zero. 
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Corollary 4.18 (Shigekawa; see |51] ) Let q ^ 1 be an integer and let f be a non zero element of 
L^(]R54_)- Then the law of F = lf{f) is absolutely continuous with respect to the Lebesgue measure. 

Proof. Without loss of generality, we further assume that / is symmetric. The proof is by induction 
on q. When g = 1, the desired property is readily checked because /^(/) ~ AA(0, ||/||?2m O, see 
(j4.30p . Now, let g ^ 2 and assume that the statement of Corollary 14. 181 holds true for g — 1, that is, 
assume that the law of Iz_i{g) is absolutely continuous for any symmetric element g of L^(M^ ) 



such that 
h £ L^(R 



be such that 



Is > 0. Let / be a symmetric element of L (Ml) with 



\J^ f{-,s)h{s)ds 



L2(R«.) 



> 0. Let 



Il2( 



Is 7^ 0. (Such an h necessarily exists because. 



otherwise, we would have that f{-,s) = for almost all s ^ which, by symmetry, would imply 
that / = 0; this would be in contradiction with our assumption.) Using the induction assumption, 
we have that the law of 



/■oo / re 

DF, /i)i2(K^) = J DsFh{s)ds = ql^_^ U 



f{-,s)h{s)ds 



is absolutely continuous with respect to the Lebesgue measure. In particular, 

P((I?F,/i)i2(K^) = 0) = 0, 

|i2(M+) = 0} C {(i?F,/i)i2(K+) = 0}, that 



implying in turn, because {HDFl 
P{\\DF\\l2^^^)>0) = 1. 
Now, let C be a Borel set in 

E 



(4.54) 



1, 



lcn[-n,n](i")-||^i^ 

I : J q 



|2 

Il2( 



Using Corollary 14.171 we can write, for every n ^ 1, 
E [lcnl-n,n](.F){DF, -DL-'F)^^^^^ 

E F icn[-n,n]{y)dy ■ 

J —oo 



Assume that the Lebesgue measure of C is zero. The previous equality implies that 



E 



^Cn[-n,n](F)-\\DF\\^2(i 



0, n>l. 



But ()4.54p holds as well, so P{F G Cn [— n, n]) = for all n ^ 1. By monotone convergence, we 
actually get P{F G C) = 0. This shows that the law of F is absolutely continuous with respect to 
the Lebesgue measure. The proof of Corollary 14.181 is concluded. ■ 

To go further. In the literature, the most quoted reference on Malliavin calculus is the excellent 
book |38] by Nualart. It contains many applications of this theory (such as the study of the 
smoothness of probability laws or the anticipating stochastic calculus) and constitutes, as such, an 
unavoidable reference to go further. 



5 Stein meets Malliavin 

We are now in a position to prove the Fourth Moment Theorem 11.31 As we will see, to do so we 
will combine the results of Section [3] (Stein's method) with those of Section |4] (Malliavin calculus), 
thus explaining the title of the current section! It is a different strategy with respect to the original 
proof, which is based on the use of the Dambis-Dubins-Schwarz theorem. 

We start by introducing the distance we shall use to measure the closeness of the laws of random 
variables. 
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Definition 5.1 The total variation distance between the laws of two real-valued random, variables 
Y and Z is defined by 

dTv{Y,Z)= sup \P{Y e C) - P{Z e C)\, (5.55) 

C6,5 



where i^(M) stands for the set of Borel sets in R. 

When C £ JSg{R), we have that P{Y £ Cn [-n, n]) -^ P(Y £ C) and P{Z G C n [-n, n]) -^ 
P{Z € C) as n — 7- oo by the monotone convergence theorem. So, without loss we may restrict the 
supremum in (|5.55p to be taken over bounded Borel sets, that is, 

dTv{y,Z)= sup \P{Y £ C) - P{Z £ C)\. (5.56) 

C6,«(M) 

O bounded 

We are now ready to derive a bound for the Gaussian approximation of any centered element F 
belonging to D^''^. 

Theorem 5.2 (Nourdin, Peccati, 2009; see [27]) Consider F £ D^'^ with E[F] = 0. Then, 
with N ~ AA(0, 1), 

dTv{F,N) ^2E[\1- {DF,-DL-'F)l2(^^J] . (5.57) 

Proof. Let C be a bounded Borel set in M. Let A > be such that C C [— ^, A]. Let A denote the 
Lebesgue measure and let Pp denote the law of F. By Proposition 14.16] with /x = (A + Pf)\[^a-,A] 
(the restriction of A + Pp to [— ^4,^]), there is a sequence (/i„) of continuous functions such 
that hn{x) £ [0,1] and lc(x) = lim„_>oo ^n (a^) /i-a.e. By the dominated convergence theorem, 
E[hn{F)] -f P{F £ C) and E[hn{N)] -^ P{N £ C) as n ^ co. On the other hand, using Lemma 
13.11 (and denoting by /„ the function associated with /i„) as well as ()4.53p we can write, for each n, 



\E[hn{F)] - E[hr,{N)]\ = \E[f:^{F)]-E[Ffr,{F)]\ 

= \E[f:^iF)il - {DF, -DL-'F)l2^^J 
^ 2E[\1-{DF,-DL-'F)l2^^J]. 

Letting n goes to infinity yields 

|P(F £C)- PiN £ C)\ ^ 2E[\1 - {DF,-DL-'F)l2(^^J], 
which, together with ()5.56p . implies the desired conclusion. ■ 

Wiener chaos and the Fourth Moment Theorem. In this section, we apply Theorem 15.21 
to a chaotic random variable F, that is, to a random variable having the specific form of a multiple 
Wiener-Ito integral. We begin with a technical lemma which, among other, shows that the fourth 
moment of F is necessarily greater than 3E[F'^]'^. We recall from Definition 14.61 the meaning of 

f^rf- 

Lemma 5.3 Let q '^ 1 be an integer and consider a symmetric function f £ L^(M!^). Set F = Iq{f) 
and 0"^ = £'[P^] = (7!||/||?2cid9 \- The following two identities hold: 



E 



ji -'iinpl|2 






r=\ 



5]^^''(!) (29-2r)!||/®./||J^ 2^^ 



(5.58) 



29 



and 



E[F^] - 3a^ 



g-i / \ 2 

|2 



r=l ^ ^ 



{2q-2r)\\\f0rf\\l,,^2,-2r 



(5.59) 



r-=l 



||/C3./||%,„.,-..,+ (^^ ^")\\mrf\\' 



lL2( 



r/ I- ■■--V-+ ) ' \ Q-r /"•''^^•■"iL2(R^'-2'-) 



/n particular, 



E 



a 



\DF\ 



L2(R^) 



^^(^[i^^]-3a^). 



(5.60) 



(5.61) 



Proof. We follow [28] for (f538]l - (1539)1 and [lO] for (fCTOjl . For any t ^ 0, we have Ai^ 
ql^^^{f{-,t)) so that, using (HliSjl . 



1 Z''^''"' 

Q Jo 







'^ ^'^ lig.2-2r{fi;mrf{;t))dt 



g-1 
r=0 

5^r!r^ /f,_2_2.(/(-,t)®./(-,t))dt 



^E^'f*^^^) ^2l-2-2.(/®r+l/) 
r=0 ^ ^ 

^E(^-i)'(r!)V2.(/®./) 

r=l ^ ^ 

?!|l/lli2(MP + « E(- - 1)! (' I J) '^2l-2.(/ ^r /). 
r-=l ^ ^ 



(5.62) 



Since £'[F ] = g!||/||?2CDi -> = f > the identity (|5.58p follows now from ()5.62p and the orthogonality 
properties of multiple Wiener-Ito integrals. Recall the hypercontractivity property ()4.40p of multiple 
Wiener-Ito integrals, and observe the relations —L~^F = -F and D{F^) = 3F^DF. By combining 
formula (j4.53p with an approximation argument (the derivative of ip{x) = x^ being not bounded), 
we infer that 



E[F'] = E[FxF-']=^^E[F^DF\\l,^^J. 
Moreover, the multiplication formula (|4.43p yields 

8 = ^^^ 
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(5.63) 



(5.64) 



By combining this last identity with (|5.62p and (|5.63p , we obtain (|5.59p and finahy (|5.6ip . It remains 
to prove (|5.6Up . Let a be a permutation of {1, ... , 2q} (this fact is written in symbols as o" G &2q)- 
If r G {0, ...,(?} denotes the cardinality of {cr(l), . . . , cr{q)} Ci {1, ■ ■ ■ ,q} then it is readily checked 
that r is also the cardinality of {o"(g + 1), . . . , cr{2q)} (1 {q + 1, . . . , 2q} and that 

f{ti,. . . ,tg)/(to-(l)5 • • • ,ta{q))f{tq+l,- ■ ■ ^hq) 

2q 

x/(*o-(g+l), • • • ,t„[2q))dtl . . . dt2q 
(/ '^r f)ixi, ..., X2q-2rfdxi . . . dx2q-2r 



2q-2r 



= \\f ®r f\\l,^^2^,-2ry (5.65) 

Moreover, for any fixed r € {0, ...,g'}, there are (^) (g!)^ permutations a € ©2q such that 
#{(t(1), . . . , cj(g)} n {l,...,g} = r. (Indeed, such a permutation is completely determined by 
the choice of: (a) r distinct elements yi, . . . ,yr of {1, . . . , g}; (6) q — r distinct elements yr+i, ■ ■ ■ ,yq 
of {q + 1, . . . ,2q}; (c) a bijection between {l,...,q} and {yi, . . . ,yq}; (d) a bijection between 
{q + 1, . . . , 2q} and {1, . . . , 2q} \ {yi, . . . , yq}-) Now, observe that the symmetrization of / (8) / is 
given by 

/®/(tl,... ,t2<j) = 7^-7j 2^ f{ta(l),---,ta{q))f{'ta{q+l),---,ta{2q))- 

Therefore, 

X/(*<J'(1),- • • ,ta-'iq))f{'ta'iq+l), ■ ■ ■ ,ta'(2q))dtl ■ ■ ■ dt2q 

= (^ E J^^Jitl,...,tg)f{tg+l,...,t2q) 

cr&&2q + 

x/(*(t(1))- • • :*a(g))/(*(7(g+l)'--- '*f7(2g))^*l • • • ^*2g 

= iqyt E / m,...,t,)/(t,^„...,t,,) 

^ ^' r=0 a(i&2q ^+ 

{<7{l),...,a(q)}n{l,...,g}=r 

x/(*tT(l)>--- )*a(g))/(ifT(g+l))--- ■,ta{2q))dtl . . . dt2q. 

Using (|5.65p . we deduce that 

(2g)!||/®/|li.(«^,) = 2(,!)^||/||t.(«p + (g!)2^QV<»./lli.(^^.--). (5.66) 

r=l ^ ^ 

Using the orthogonality and isometry properties of multiple Wiener- Ito integrals, the identity (I5.64p 
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yields 



r=0 ^ ^ ^ 



(2'z)!||/»/|li.(^.,) + (g!)'||/|lt.(M^. 



+i:(-o^(')'(2^-20!ii/^./iii.(«.,- 



By inserting (j5.66p in the previous identity (and because (5!)^||/||'t2fra9 ■) = E[F'^Y = o"^), we get 

dSSQD. ^ ■ 

As a consequence of Lemma 15.31 we deduce the following bound on the total variation distance 
for the Gaussian approximation of a normalized multiple Wiener-Ito integral. This is nothing but 
Theorem 1 1 . 5 1 but we restate it for convenience. 

Theorem 5.4 (Nourdin, Peccati, 2009; see |27] ) Let q ^ 1 he an integer and consider a 

q 



symmetric function f £ L^(R!|_). Set F = I^{f), assume that £'[F^] = 1, and let N ~ 7V(0, 1). 



Then 



dTviF,N)^2^^\E[F^]-3\. (5.67) 

Proof. Since L~^F = — F, we have {DF,—DL^^F)]^2m\ = -\\DF\\'^2m y So, we only need to 
apply Theorem 15.21 and then formula (|5.6ip to conclude. ■ 

The estimate (|5.67p allows to deduce an easy proof of the following characterization of CLTs on 
Wiener chaos. (This is the Fourth Moment Theorem 11.31 of Nualart and Peccati!). We note that 
our proof differs from the original one, which is based on the use of the Dambis-Dubins-Schwarz 
theorem. 

Corollary 5.5 (Nualart, Peccati, 2005; see f^D] ) Let q '^ 1 be an integer and consider a 
sequence (fn) of symmetric functions of L'^{M.'^). Set Fn = L^{fn) and assume that E[F^] — )■ o"^ > 
as n —7- CO. Then, as n ^ oo, the following three assertions are equivalent: 

(i) F„^A"iV~AA(0,a2); 

(ii) E[F^] ^ E[N^] = 3^^• 

(iii) ||/„®.^/„||^2(]R2,-2rj -> /or a//r = l,...,g- 1. 

(iv) ll/n ®r /n|li2(iR2g-2rj -^ /or fl// r = 1, . . . , Q' - 1. 

Proof. Without loss of generality, we may and do assume that o"^ = 1 and E[F^] = 1 for all 
n. The implication (ii) — t- (i) is a direct application of Theorem 15.41 The implication (i) — t- (ii) 
comes from the Continuous Mapping Theorem together with an approximation argument (observe 
that sup„>]^ E[-F^] < oo by the hypercontractivity relation (j4.40p ). The equivalence between 
(ii) and (iii) is an immediate consequence of ()5.59p . The implication (iv) — ?• (iii) is obvious (as 
||/n®r-/n|| ^ \\fn ®r fn\\) whereas the implication (ii) — )• (iv) follows from (|5.60p . ■ 

Quadratic variation of the fractional Brow^nian motion. In this section, we aim to 
illustrate Theorem 15.21 in a concrete situation. More precisely, we shall use Theorem 15.21 in order to 
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derive an explicit bound for the second-order approximation of the quadratic variation of a fractional 
Brownian motion on [0, 1]. 

Let B = {Bi)t^Q be a fractional Brownian motion with Hurst index H G (0, 1). This means 
that B^ is a centered Gaussian process with covariance function given by 

E[B^B^\ = i(t2^ + s'" -\t- .|2^), s,t^O. 

It is easily checked that B^ is selfsimilar of index H and has stationary increments. 

Fractional Brownian motion has been successfully used in order to model a variety of natural 
phenomena coming from different fields, including hydrology, biology, medicine, economics or traffic 
networks. A natural question is thus the identification of the Hurst parameter from real data. To 
do so, it is popular and classical to use the quadratic variation (on, say, [0, 1]), which is observable 
and given by 



n-l 



Sn = ^iBfk+l)/n - -Sfc/n)^ n > 1. 



fc=0 



One may prove (see, e.g., |25| (2.12)]) that 

2H-1 n Proba 



n 






1 as n — )• oo. 



(5.68) 



We deduce that the estimator Hn, defined as 



H„ 



1 log 5. 



2 21ogn' 



satisfies Hn 



proba 



1 as n — 7- OO. To study the asymptotic normality, consider 






n 



~2m (1?^) 1 



fc=o 



0"n 



E [(^" 



+1 - Bl!f - 1] 



fc=0 



where a^ > is so that E\F^\ = 1. We then have the following result. 

Theorem 5.6 Let N ~ AA(0, 1) and assume that H ^ 3/4. Then, lim„^oo c^i/^ = 2 J2r(^z p'^i''") ^/ 
H € (0, |), with yO : Z — 7- M given by 



Pir) = ,^{\r + ir + 



lP^-2|rP^l 



(5.69) 



and lim„_>oo o'n/('^logn) = ^ if H = j. Moreover, there exists a constant ch > (depending only 
on H) such that, for every n ^ 1, 



dTv{Fn,N) i^CHX < 



1 



,3/2 



4H-3 



n 



1 

. logn 



^fHG {0,1: 



ifH 



^fHGil,l) 



(5.70) 



tfH 
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As an immediate consequence of Theorem 15.61 provided H < 3/4 we obtain that 

V^{n^"^^Sn-l)^^M{0,2j2p\r)) as n ^ oo, (5.71) 

reZ 

implying in turn 

^/^logn{Hn-H)^^^f{0,-'^p'^{r)) as n ^ oo. (5.72) 



2 

ri 



Indeed, we can write 



log X = X — 1 — du I — ^ for all x > 0, 
Ji Ji v^ 

so that (by considering x ^ 1 and < x < 1) 

(x - 1)^ f 1 

log X + 1 - xK -^ '- <^ 1 + ^ ;> for all x > 0. 

I ' 2 [ x^ 

As a result, 



with 



V^logn(i^„ -H) = -Y log(n2^"^S0 = -^(n^^^^S^ - 1) + Rr, 



(V7I(n^^-^5„-l))^ f 1 1 

' "'" 4^^ r+(n2^-i5„)2/- 

Using ()5.68p and (|5.7ip . it is clear that Rn — )• as n — >■ oo and then that (|5.72p holds true. 

Now we have motivated it, let us go back to the proof of Theorem 15.61 To perform our 
calculations, we will mainly follow ideas taken from [3]. We first need the following ancillary result. 

Lemma 5.7 1. For any r € Z, let p{r) be defined by 115. 6 9\) . If H ^ ^, one has p{r) ~ 
H(2H — l)|rp^~^ as \r\ — t- oo. If H = ^ and \r\ ^ 1, one has p{r) = 0. Consequently, 
Ylir&'L P^ {'"') < OO */ o.fT'd only if H < 3/4. 

2. For all a > —1, we have Yl^=i '^'^ ~ \+i o,s n ^- oo. 
Proof. 1. The sequence p is symmetric, that is, one has p{n) = p{—n). When r — )• cxd, 
p{r)=H{2H-iy~^ + o{r^''-^). 



Using the usual criterion for convergence of Riemann sums, we deduce that X^^g^ P^(^) < co if and 

3 

4- 



only if 4.H - 4 < -1 if and only if H < j. 



2. For a > — 1, we have: 



f \a f^ 1 



— > ( — ) — )■ / x"(ix = as n — )■ OO. 

n^\nJ Jq a + l 



r=l 
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We deduce that Yl^=i ^" ~ 'o+r ^^ n ^ oo. 
We are now in position to prove Theorem 



Proof of Theorem 15.61 Without loss of generahty, we will rather use the second expression of F„ : 

n-l 



^ n— 1 



k=0 



Consider the linear span T-L of {B^)^^^, that is, T-L is the closed linear subspace of L^(f]) generated 
by {Bl:)k^n- It is a real separable Hilbert space and, consequently, there exists an isometry 
<^ : n ^ L^{R+). For any A; G N, set e^ = $(-B|^i - -Bf ); we then have, for all k,l £ N, 

/ ekis)eiis)ds = E[{B^^, - i?f )«i - Sf )] = p{k - I) (5.73) 

Jo 

with p given by (|5.69p . Therefore, 

{Sf+i - Bf : A: G N} '= U°° ek{s)dBs : A: G n| = {/f (e^) : fc G N} , 

where i? is a Brownian motion and Ip{-), p ^ 1, stands for the pth multiple Wiener-Ito integral 
associated to B. As a consequence we can, without loss of generality, replace Fn by 

^ n— 1 

"^^ fc=0 
Now, using the multiplication formula (|4.43p . we deduce that 

n-l 

'ekQ:9ek- 



1 " " 

i^n = /|'(/n), with/„ = — V, 

By using the same arguments as in the proof of Theorem I l.H we obtain the exact value of (T„: 



n-l 



al = 2Y,pHk-l) = 2^{n-\r\)pHr). 

k,l=0 \r\<n 



Assume that H < j and write 



Since '^rezP'^i^) < oo by Lemma l5.7| we obtain by dominated convergence that, when H < ^, 

2 

lim ^ = 2Yp\r). (5.74) 



l{|r|<n}- 



n— ^oo 71 



Assume now that ff = |. We then have /5^(r) ~ g^ as |r| — )■ oo, implying in turn 
9n ^-^ 1 9nlogn 



n 



Ep^w-S E 



rs^ 



64 -^^ r 32 

|r|<n 0<|r|<n. 
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and 



\r\p (r) ~ — > 1 ~ — 



|r|<n 



64 



\r\<n 
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as n — )• oo. Hence, when i7 = |, 



lim '^^ 



9 



>oo n log n 16 



(5.75) 



On the other hand, recaU that the convolution of two sequences {u(n)}„g2 and {i'(n)}„gz is the 
sequence u * v defined as {u * v){j) = X^„gz '"(^)^(i ~ ""-)' ^"^^ observe that (n * v){l — i) = 
X]fceZ^(^ — l)v{k — i) whenever u{n) = u{—n) and v{n) = v{—n) for all n G Z. Set 

Pn{k) = \p{k)\l{\k\<in~i}, keZ,n^l. 

We then have (using ()5.58p for the first equality, and noticing that /„ 0i fn = fn'^ifn), 



E 



{l-\\\D[I^{fn)]\\l.^^,^ 



n-l 



®l/n 



In "^i Jn 



Il2(R2) 



(T^ 



^ p{k - l)p{i - j)p{k - i)p{l 



ij,k,l=0 



n-l 



cr;: 



i,l=0j,k<^1 

n-l ^ „ 

s2 _ ^11 ||2 

4 /_^ \rn • rnjy "; ^ 4 /_^\rn • rnjy) — /^WPn* Pn\\p{^ 



a, 






cr^ 



Recall Young's inequality: if s,p, g ^ 1 are such that - + - = 1 + 7, then 

\\u*v\\is(^z) ^ ||n||^p(2)||t;||^9(Z). 
Let us apply (|5.76p with u = v = pn, s = 2 and P = |- We get \\pn * PnW^/^) ^ ||Pn||^ 



4 ) 



(5.76) 
so that 



E 



l--\\D[li{U)]\\l,^^^^ 



""" \|fc|<n 



Recall the asymptotic behavior of p{k) as |A:| — )• 00 from Lemma 15.7^ 1). Hence 



|fc|<n 



0(1) if ^G (0,1) 

O(logn) if^ = | 

0(^{8H-5)/3) ifi7e(5l). 



(5.77) 



(5.78) 
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Assume first that H < j and recall (j5.74p . This, together with (j5.77p and (|5.78p . imply that 



E 



i-2ll^[^2''(/«)]lli.( 



< 



\ 



E 



f j_ 



^ CH X ' 






(logn|V2 if ^ ^ 5 
Vn 8 



n 



if^G(i,!) 



Therefore, the desired conclusion holds for H G (0, |) by applying Theorem 15.21 Assume now that 
F = I and recah ([575]) . This, together with (fSTTl) and ([5^8]) . imply that 



E 



l-^\\D[I^ifn)]\\h^ 



< 



\ 



E 



\D[li{fn)]\\h^ 



5+) 



0(1/ log n) 



and leads to the desired conclusion for ^ = | as well. 



To go further. In ^27j, one may find a version of Theorem 15.21 where N is replaced by a 
centered Gamma law (see also |26)). In [1], one associate to Corollary 15.51 an almost sure central 
limit theorem. In [6], the case where H is bigger than 3/4 in Theorem 15.61 is analyzed. 

6 The smart path method 

The aim of this section is to prove Theorem 11.61 (that is, the multidimensional counterpart of the 
Fourth Moment Theorem), and even a more general version of it. Following the approach developed 
in the previous section for the one-dimensional case, a possible way for achieving this goal would 
have consisted in extending Stein's method to the multivariate setting, so to combine them with 
the tools of Malliavin calculus. This is indeed the approach developed in |35) and it works well. In 
this survey, we will actually proceed differently (we follow |28|). by using the so-called 'smart path 
method' (which is a popular method in spin glasses theory, see, e.g., Talagrand |54)). 

Let us first illustrate this approach in dimension one. Let F G O^''^ with E[F] = 0, let 
N ~ A/'(0, 1) and let /i : M — )• M be a C^ function satisfying ||(/5"||oo < oo. Imagine we want 
to estimate E[h{F)] — E[h{N)]. Without loss of generality, we may assume that N and F are 
stochastically independent. We further have: 



E[hiF)] - E[hiN)] 



/■I d 

/ —E[h{VtF + y/l^N)]dt 
Jo "^ 



2Vt 



E[h'{ViF + VT^N)F] 



^ F[h'U/fF + ^/T^N)N]] dt. 
2\/l — t J 



For any x G M and t G [0, 1], Theorem 14. 151 implies that 

E[h'{VtF + Vl^tx)F] = VtE[h"{VtF + Vl^tx){DF, -DL-^F)l2(^^^)], 
whereas a classical integration by parts yields 

E[h'{Vix + Vl^N)N] = Vl^E[h"{Vix + Vl^N)]. 
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We deduce, since N and F are independent, that 



E[h{F)] - E[h{N)] = ^J E[h"{Vtx + VT^tN){{DF, -DL~'F)l2^^^) - l)]dt, (6.79) 



implying in turn 



\E[hiF)] - E[h{N)]\ ^ -\\h"\\^E [|1 - {DF, -DL-'F)^^^ 



i+)\\ ' 



(6.80) 



compare with ()5.57p . 

It happens that this approach extends easily to the multivariate setting. To see why, we will 
adopt the following short-hand notation: for every /i : R — )■ M of class C^, we set 



\h"\ 



oo = max sup 

i,j=i,...,d^^ 



d'^h 



dxidxj 



(x) 



Theorem 16.11 below is a first step towards Theorem II. 6| and is nothing but the multivariate 
counterpart of dEZSD-dSSOD- 

Theorem 6.1 Fix d ^ 2 and let F = {Fi, . . . , F^) he such that Fi G D^'^ with E[Fi] = for any i. 
Let C G A^d(IK) he a symmetric and positive matrix, and let N he a centered Gaussian vector with 
covariance C. Then, for any /i : M'^ — > M belonging to C^ and such that ||/i"||oo < oo, we have 

1 '^ 

\E[h{F)] - E[h{N)]\ ^ -\\h"\\oo Yl ^ [\Ci'^^) - {DF„-DL-'F,)l2^^J] . (6.81) 

Proof. Without loss of generality, we assume that N is independent of the underlying Brownian 
motion B. Let h be as in the statement of the theorem. For any t G [0,1], set ^(i) = 
E[h{^/T^F + ViN)] , so that 

E[h{N)] - E[h{F)] = *(1) - *(0) = / ^'it)dt. 

Jo 

We easily see that ^ is differentiable on (0, 1) with 



4=1 



-.N, 



2y/i 2y/Y^ 



Fi 



By integrating by parts, we can write 



E 



dh 



--{./T~[F + ViN)Ni 



dxi 



ElE 



dh 



--{VT^x + ViN)Ni 



dx 



\x=F ^ 



ViY.C{i,j)ElE 
j=i [ 

d 



d'^h 
dxidxj 



{Vl-tx + VtN) 



\x=F ^ 



ViYC{i,j)E 



d'h 



dxidxj 



{VT^F + VtN) 
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By using Theorem 14.151 in order to perform the integration by parts, we can also write 



dh 
dxi 



{VT^F + ViN)Fi 



E{E 



dh 
dxi 



{Vl-tF + Vix)Fi 



j=i [ 

d 



dxidxj 



{VT^F + Vix) {DFj, -DL-^Fi)L2(^ 



\x=N _ 
.+ ) 



J \x=N ^ 






d^h 



dxidxj 



{VT^tF + ViN) {DFj, -DL-^F,)l2^ 



Hence 



*'(t) = 1^2^ f7^(^^^^^ + ^^) (^(^'^■) - ^^^^■' -^^~'^.)l^(m+)) 



i,j='^ 



dxidx 



and the desired conclusion follows. ■ 

We are now in position to prove Theorem II. 31 (using a different approach compared to the original 
proof; here, we rather follow |39)). We will actually even show the following more general version. 

Theorem 6.2 (Peccati, Tudor, 2005; see |46]) Let d ^ 2 and qd,...,qi ^ 1 he some fixed 
integers. Consider vectors 

Fn = (Fi,„, . . .,Fd,n) = {Ig,ifl,n), ■ ■ -Jg.ihn)), n ^ 1, 

with fi^n £ L^(R^) symmetric. Let C G A4(i{^) be a symmetric and positive matrix, and let N be 
a centered Gaussian vector with covariance C. Assume that 

lim E[Fi,nFj^n] = C{i,j), li^ij ^d. (6.82) 

rn>oo 

Then, as n ^- oo, the following two conditions are equivalent: 

(a) Fn converges in law to N ; 

(b) for every 1 ^ i ^ d, Fi^n converges in law to J\f{0,C{i,i)). 

Proof. By symmetry, we assume without loss of generality that qi ^ ... ^ g^. The implication 
(a) =^ (6) being trivial, we only concentrate on (b) =^ (a). So, assume (b) and let us show that (a) 
holds true. Thanks to (|6.8ip . we are left to show that, for each i,j = 1, . . . ,d, 



1 L'^(Q) 

{DFj^n,-DL~^Fi^ri)L^R+) = —{F>Fj^n,DFi^n)L^{R+) -^ C{i,j) as 

Qi 

Observe first that, using the product formula (|4.43p . 



n — )• oo. 



(6.83) 



-{DFj,„DFi,n)L^ 



Ij 1^ /,^_i(A„(-,i))/,,-i(/,,n(-,t))dt 



(JiAqj-l 



^1 Yl 



r\ 



r=0 
qiAqj-l 



1\ (<lj - 1 



Jq.+g._2-2r I / fi,n{',t)0rfj,n{',t)dt 



ii Yl ' 

r=0 
r=l ^ 



A fQj - 1 



^qi+qj-2- 



-2r [ji,n ^r+l /j,i 



_ 1 )-'gi+i?j-2rv/«,n ®r- Jj,n)- 



(6.84) 
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Now, let us consider all the possible cases for qi and qj with j ^ i. 

First case: q^ = qj = 1. We have {DFj^n,DFi^ri)L'2{R+) = {fi,n, fj,n)L^(R+) = E[Fi^riFj^n]- But it 
is our assumption that E[Fi^nFj^n] — ^ C{i,j) so (|6.83|) holds true in this case. 

Second case: qi = I and qj ^ 2. We have {DFj^n,DFi^n)L^{R_^_) = {fi,n, DFj^n)L^{R+) = 
^qj^iifi,n "X"! fj,n)- We deduce that 



E[{DFj,n,DF,,„)l2,^J = {qj-m\fi,n^lfj,n\ 



,9,-1, ^ {qj - l)!||/i,n ®1 /i,n,||^2^^,,-i^ 



= {Qj - l)K/j,ra ^ fi,n, fj,n ^qj-l f j ,n) L'^ {R^_^) 
^ {<lj - l)'ll/j,n|lL2(M+)ll/j,n ®9j-l /j,n||L2(R2_) 
= (9j - 1) !-E^[^^n] II /j,n ®g,-l /i,n||L2(ig2^) . 

At this stage, observe the following two facts. First, because qi ^ qj, we have C{i,j) = 



Law 



necessarily. Second, since £'[-F? ] — )• C{j,j) and Fj^n — ^ -^(0, C(j, j)), we have by Theorem 15.5 
that ||/j,n "^gj-i /i,n||L2(]R2 ) -^ 0. Hence, (j6.83p holds true in this case as well. 

Third case: qi = qj ^ 2. By (|6.84p . we can write 

-{DFj,n,DFi^n)L^iR+) = E[F,,nFj,n] + 9^ J^ (^ " 1)! ( ^' _ J l2q,-2rikn ®r /j,n). 



We deduce that 
E 



1 \' 

-(I)F,-„,Z)Fi,„)i2(R^)-C(i,j) 

Qi J 



9i-l 



r=l 



(ii;[F,,„F,,„,] - C{i,3)y^ql ^(r - !)!'(';_ -^ j (2g. - 2r)!||/i,„®,/,-„||2^^^,,^_,.^. 



The first term of the right-hand side tends to zero by assumption. For the second term, we can 
write, whenever r G {1, . . . , t^j — 1}, 

||/i,n<^rjj,n||^2ra2<7,-2r, ^ ll/j," ®r /j,n||j^2m2'Ji-2r, 

= \/j,n ®qi-T Ji,n, Jj,n ®qi-r Jj,n) L'^{R^) 



< 



Law 



n,n yyq-^ 



Law 



i-r Ji, 



»i|IL2( 



'■)||/i,n '^qt-r fj,n\\L'2{R'2^)- 



Since Fj^„ — )• J\f{0,C{i,i)) and Fj^n. — ^ -^(0, C(j, j)), by Theorem 15.51 we have that \\fi^n '^qi- 
/i,n|lL2(K2'-)ll/j,n '^qi-r /i,n||L2™2r^ — )• 0, thereby showing that (|6.83p holds true in our third case. 

Fourth case: qj > qi ^ 2. By ()6.84p . we have 



r — l/Vr— 1 



We deduce that 



1 



Qi 



{E>Fj^n,E>Fi^n)L2( 



^?E(- - l)!'f';_ 'V(rO'^^^ + ^^- - ^^y-\\kn^rhnf,. ... 



r=l 



r-\ 



9,— 2r 



40 



For any r G {1, . . . , qi}, we have 

\\J^,n'SlrJj,n\\^2(^'^^+'^j-^''\ ^ \\ji,n '^r Jj,n\\ ^^(^''i+y-^'') 

= \Ji,n ®qi-r Ji,ni Jj,n ®qj-r Jj,n)L'^(M.'^) 

^ \\fi,n ®qi~r fi,n\\L'^[^2^)\\fj,n ^q^-r fj,n\\L'^{B?^) 

Since Fj^„ — )• M{0,C{j,j)) and Qj — r £ {l,...,qj — 1}, by Theorem 15.51 we have that 
\\fj,n (^q -r /j,n||L2(ig2r\ — )• 0. We deduce that (j6.83p holds true in our fourth case. 

Summarizing, we have that ()6.83p is true for any i and j, and the proof of the theorem is done. 



When the integers qa, ■ ■ ■ ,qi are pairwise disjoint in Theorem 16. 2| notice that ()6.82p is 
automatically verified with C{i,j) = for all i ^ j, see indeed (|4.38p . As such, we recover the 
version of Theorem 16.21 (that is. Theorem II. 6p which was stated and used in Lecture 1 to prove 
Breuer-Major theorem. 



To go further. In [35], Stein's method is combined with Malliavin calculus in a multivariate 
setting to provide bounds for the Wasserstein distance between the laws of A^ ~ A/'rf(0, C) and 
F = {Fi, . . . ,Fd) where each Fi € B^'^ verifies E[Fi] = 0. Compare with Theorem 16.11 

7 Cumulants on the Wiener space 

In this section, following |29| our aim is to analyze the cumulants of a given element F of D^'^ and 
to show how the formula we shall obtain allows us to give yet another proof of the Fourth Moment 
Theorem 11.31 

Let F be a random variable with, say, all the moments (to simplify the exposition). Let (pp 
denote its characteristic function, that is, 0_F(i) = E[e ], t G M. Then, it is well-known that we 
may recover the moments of F from (pp through the identity 

■ d^ 

E[F^] = {-iy—\t=oMt). 

The cumulants of F, denoted by {kj(F)}j^i, are defined in a similar way, just by replacing (pp by 
log 4>F in the previous expression: 

• d^ 
Kj{F) = {-iy^\t=o log Mt)- 

The first few cumulants are 

Ki{F) = E[F], 

K2{F) = E[F'^]-E[Ff=Yi,i{F), 

K3{F) = E[F^] - 3E[F'^]E[F] + 2E[Ff. 

It is immediate that 

Kj {F + G) = Kj (F) + Kj (G) and kj{XF) = X^ kj (F) (7.85) 
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for all j ^ 1, when A G M and F and G are independent random variables (with all the moments). 
Also, it is easy to express moments in terms of cumulants and vice-versa. Finally, let us observe 
that the cumulants of F ~ A/'(0, o"^) are all zero, except for the second one which is o"^. This fact, 
together with the two properties ()7.85p . gives a quick proof of the classical CLT and illustrates 
that cumulants are often relevant when wanting to decide whether a given random variable is 
approximately normally distributed. 

The following simple lemma is a useful link between moments and cumulants. 

Lemma 7.1 Let F be a random variable (in a given probability space {Q,J^,P)) having all the 
moments. Then, for all m E N, 

m 






s=0 
Proof. We can write 



cr+^ , . ,.. , ._^i cT . f , ,..d 



E[F-^'] = {-^r^'^^,\t=.Mt) = {-^r^'j^\t=,UF{t)f^^ogMt) 



s=0 



^\s) Vdt^^'*=° ^°S'^^(*)J \^^^\^=^'^P^^^) "^y Leibniz rule 

.=0 ^ * ^ 

■ 

From now on, we will deal with a random variable F with all moments that is further measurable 
with respect to the Brownian motion (i?t)i^o- We let the notation of Section U prevail and we 
consider the chaotic expansion ()4.39p of F . We further assume (only to avoid technical issues) that 
F belongs to B°°, meaning that F G D™'^ for all m ^ 1 and that £'[||D™F||^2(k™)] < oo for all 
771 ^ 1 and all p ^ 2. This assumption allows us to introduce recursively the following (well-defined) 
sequence of random variables related to F . Namely, set ro(-F) = F and 



r,+i(F) = (DF,-DL-ir,(F))i2( 



5+)- 



The following result contains a neat expression of the cumulants of F in terms of the family 

{r,(F)},6N. 

Theorem 7.2 (Nourdin, Peccati, 2010; see [29]) Let F e D°°. Then, for any s G N, 

K,+i(F) = s!F[r,(F)]. 

Proof. The proof is by induction. It consists in computing Ks^i{F) using the induction hypothesis, 
together with Lemma l7.ll and (|4.53p . First, the result holds true for s = 0, as it only says that 
Ki{F) = E[To{F)] = E[F]. Assume now that m ^ 1 is given and that Kg+iiF) = s\E[Ts{F)] for all 
s ^ m — 1. We can then write 

m—l 



K^+i{F) = E{F^^^\-Y,[)'^s+i{F)E[F"^-^] byLemmaO 

s=0 ^ '^ ^ 

= F[F"'+^] -^s\y\ E[Ts{F)]E{F'^-'] by the induction hypothesis. 



s=0 
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On the other hand, by applying (j4.53p repeatedly, we get 

E[F^+^] = E[F''']E[To{F)] + Cov(F''",ro(F)) = ^[F"^]^[ro(F)] + mS[F'"-iri(F)] 
= E[F'^]E[To{F)] + mE[F"'~^]E[Ti{F)]+mCoY{F'^~\ri{F)) 
= E[F"^]E[ro(F)] + mE[F''^-^]E[Ti{F)] + mim - l)E[F"'-^T2iF)] 

m 



Y^s\\^\^E\F^-^\E\T,(F)\. 



s=0 

Thus 

s=0 ^ '^ ^ 

and the desired conclusion follows. ■ 

Let us now focus on the computation of cumulants associated to random variables having the 
form of a multiple Wiener-Ito integral. The following statement provides a compact representation 
for the cumulants of such random variables. 

Theorem 7.3 Let q ^ 2 and assume that F = Iq{f), where f £ L^(M!^). We have ki{F) = 0, 
K'2{F) = g! 11/11 ^2(K9 ) and, for every s ^ 3, 

KsiF) = q\{s - 1)! J]c,(ri, . . • ,r,_2)((...((/®.i/)i.J) . . . ^r._,mr._J, 1)^2(^1)^ (7-86) 

where the sum ^ runs over all collections of integers ri, . . . ,rs^2 such that: 
(i) 1 ^ ri,...,r^_2 < q; 
(a) ri + . . . + rs-2 = 2 ' 

(Hi) ri<q, ri+r2<^, . . ., ri + . . . + r^.a < ^^^^; 
(iv) r2 ^2q- 2ri, . . ., rs-2 ^ {s - 2)q - 2ri - . . . - 2rs-z; 
and where the combinatorial constants Cq{ri, . . . ,rs-2) are recursively defined by the relations 

2 



Cq{r) = q{r - 1)! 



q-l 
r- 1 



and, for a ^ 2, 



aq-2ri- ... - 2ra-i -l\( q-l 



Cq{ri,...,ra)=q{ra-l)\\ '" Cg(ri, . . . ,ra_i). 



Ta-l J \ra-l 



Remark 7.4 1. If sq is odd, then k,s{F) = 0, see indeed condition (ii). This fact is easy to see 
in any case: use that Ks{—F) = {—ly Ks{F) and observe that, when q is odd, then F = —F 
(since B = —B). 
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2. li q = 2 and F = /^(/) with / G L^(R^), then the only possible integers ri, . . . ,rs-2 
verifying (z) — (iv) in the previous statement are ri = . . . = rs_2 = 1. On the other hand, we 
immediately compute that C2(l) = 2, C2(l, 1) = 4, C2(l, 1, 1) = 8, and so on. Therefore, 



Ko 



,{li{f)) = r~\s - !)!((...(/ »i /) . . . /) 01 /, />^.(j,2^), (7.87) 

and we recover the classical expression of the cumulants of a double integral. 
3. If g ^ 2 and F = /f (/), / G L^OK), then (I7:86]> for s = 4 reads 



r=l 
■r=l ^ ^ 

r=l 



^E-''(')'(2«-20!||/§./r......-v (7i 



I L2 (<«-'"■)' 



and we recover the expression for K4{F) given in ()5.59p by a different route. 
Proof of Theorem 1 7. 31 Let us first show the following formula: for any s ^ 2, we claim that 

q [{s-l)q-2ri~...-2rs-2]Aq 

ri=l rs-i=l 

Xlfq-2r,-...-2r.., {{■■■{f®rj)®rj) ■ ■ ■ /)®r.. j)- 

(7.89) 

We shall prove (j7.89p by induction. When s = 2, identity (j7.89p simply reads Ti{F) = 
Ylr=i^gi''')^2q-2rif^rf) and is nothing but (|5.62p . Assume now that (|7.89p holds for rs~i{F), 
and let us prove that it continues to hold for Ts{F). We have, using the product formula (|4.43p and 
following the same line of reasoning as in the proof of (|5.62p , 

r,(F) = {DF,-DL-'Ts-iF)l2(^^^^ 

q [{s-l)q-2ri-...-2rs-2]Aq 

= J2--- E '?Cg(n,...,r._i)l{,,<g}...l^^^_^ ^^^_^^(^^ 

ri=l rs~i=l 

Xl|,,+...+,^_,<M}(/f„i(/),/f,„2n~...-2r.._i-l((-(/®n/)®r2/).../)®r,_j)>i2(K^) 
q [{s-l)q-2ri-...-2rs-2]/\q [sq-2ri-...-2rs^i]Aq 

= Y--- E E Cq(ri,...,r,_i) xg(r, -1)! 

ri=l rs-i=l rs=l 

Jsq-2r,-...-2r,.,-l\fq-l\ 

Xl{ri+...+r,_i<f }^5+l)g_2n-...-2r.((-(/®n/)®r2/) . . . /)®r J), 
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which is the desired formula for Ts{F). The proof of (j7.89p for all s ^ 1 is thus finished. Now, let 
us take the expectation on both sides of (|7.89|) . We get 

Ks{F) = (s-l)!E[r,„i(F)] 

q [{s-l)q-2ri-...-2rs~2]Aq 

ri=l rs~i=l 

Observe that, if 2ri + . . . + 2rs-i = sq and rg^i ^ (s — l)q — 2ri — ... — 2rs-2 then 2rs-i = 
q + {s — l)q — 2ri — ... — 2rs-2 ^ q + ^s-i, so that r^-i ^ q. Therefore, 

q [(s-2)q-2ri-...-2r,.3]Aq 

Ks{F) = {s-iy.Y,--- Yl Cq{ri,...,rs-2,q)l{r,<q}---'i-^^^^^^^.^^(f^y 

ri=l r-s_2=l 

which is the announced result, since Cq{ri, . . . , rs_2, q) = q\cq{ri, . . . , rs_2)- ■ 

We conclude this section by providing yet another proof (based on our new formula ()7.86p ) of 
the Fourth Moment Theorem 11.31 More precisely, let us show by another route that, if g ^ 2 
is fixed and if (-Fn)n^i is a sequence of the form Fn = Ig{fn) with /„ S L'^{M.'!!^_) such that 
E[F^] = q\\\fn\\l2(^f^ci ■) = 1 for all n ^ 1 and E[F^] ^ 3 as n ^ oo, then F„ -^ AA(0, 1) in law 
as n — 7- oo. 

To this end, observe that Ki{Fn) = and K2{Fn) = 1- To estimate Ks(Fn), s ^ 3, we consider the 
expression (|7.86p . Let ri, . . . ,rs-2 be some integers such that {i)-{iv) in Theorem 17.31 are satisfied. 
Using Cauchy-Schwarz and then successively 

Wg^rhWj^i^^P + Q-^r-^ ^ ||g (g)^ /l||^2(]8P + '3-2r) ^ I ^ 1 1 L2 (R^. ) 1 1 ^ 1 1 L2 (R«_) 

whenever g G L^(M!J^), h £ L^(]R^) and r = 1, . . . ,p A q', we get that 

I {{■■■{fn^rifn)^r2fn) ■ ■ ■ fn)^rs-2fn, fn)L'^{Ri^) \ 

^ \\i---ifn®rifn)'^r2fn) ■ ■ ■ fn)'^rs-2fn\\L^(Rl)\\fn\\L2(M.'i^) 
^ \\jn'^riJn\\^2^-g^^i-^''iy\jn\\j^2^^i ) 
n®ri /n 1 1 j^2 (jj^'"^''! ) 



(9!)'-^ ||/n®rJnL2,^2,-2nv (7.90) 



Since -^[-F^] — 3 = Ki{Fn) — )• 0, we deduce from (|7.88p that ||/„(g)^/„||^2m2<7-2rN — > for all 

r = 1, . . . ,q — 1. Consequently, by combining (j7.86p with (j7.90p . we get that Ks{Fn) — )■ as 
n — )• oo for all s ^ 3, implying in turn that F„ — )■ J\f{0, 1) in law. ■ 

To go further. The multivariate version of Theorem 17.21 mav be found in 



8 A new density formula 

In this section, following |37) we shall explain how the quantity {DF, —DL^^F)]^2m \ is related to 
the density of F G D^'^ (provided it exists). More specifically, when F S D^''^ is such that E[F] = 0, 
let us introduce the function g^r : M — )• M, defined by means of the following identity: 

gpiF) = E[{DF,-DL~^F)l2^^JF]. (8.91) 
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A key property of the random variable griF) is as follows. 

Proposition 8.1 If F e D^'^ satisfies E[F] = 0, then P{gF{F) ^ 0) = 1. 

Proof. Let C be a Borel set of M and set (j)n{x) = L lcnf-n,nl {t)di, n ^ 1 (with the usual convention 
L = — J^ for X < 0). Since (/)„ is increasing and vanishing at zero, we have x(j)n{x) ^ for all 
X G M. In particular, 



^ E[FMF)] = E 



j-F 1 r /"^ 

F lcn[-n,n](*)t^i =E F lcn[-n,n]{t)dt 

Jo _ . J-oo 



Therefore, we deduce from Corollary 14.171 that E ^gp{F)l(jf-^in^n]{F)] ^ 0- By dominated 
convergence, this yields E [gF{F)lc{F)] ^ 0, implying in turn that P{gF{F) ^ 0) = 1. ■ 

The following theorem gives a new density formula for F in terms of the function gp- We will 
then study some of its consequences. 

Theorem 8.2 (Nourdin, Viens, 2009; see [37]) Let F £ D^'^ with E[F] = 0. Then, the 
law of F admits a density with respect to Lebesgue measure (say, p : M — )■ Mj i/ and only if 
P{gF{F) > 0) = 1. In this case, the support of p, denoted by suppp, is a closed interval of M. 
containing zero and we have, for (almost) all x G suppp; 



p{x) 



E\\F\ 



exp 



"^ ydy 
9F{y) 



.92) 



2gF{x 
Proof. Assume that P[gF{F) > 0) = 1 and let C be a Borel set. Let n ^ 1. Corollarv 14.171 vields 



E 



F 



'^Cr\\-n,n]{f)dt 



E[lcn^^n,n]{F)9F{F)\- 



(8.93) 



Suppose that the Lebesgue measure of C is zero. Then ^_^'^cr\[-n,n]{'t)dt = 0, so that 
E[lcn[-n,n]iE)9F{F)\ = by ^M- But, since P{gF{F) > 0) = 1, we get that P{F e 
Cn [— n,n]) = and, by letting n — ?• oo, that P{F G C) = 0. Therefore, the Radon-Nikodym 
criterion is verified, hence implying that the law of F has a density. 

Conversely, assume that the law of F has a density, say p. Let (/> : M — )• M be a continuous 
function with compact support, and let $ denote any antiderivative of (p. Note that $ is necessarily 
bounded. We can write: 



E[(t>{F)gF{F)] = E[^{F)F] by (|433D 



(^{x) X p{x)dx = I 4'{x) { I yp{y)dy\dx = E 

(*) Jr \Jx J 



HE) 



If yp{v)dy 

P{F) . 



Equation (*) was obtained by integrating by parts, after observing that 

/>oo 

/ yp{y)dy — )■ as |3;| — )• oo 

J X 

(for X —7- +00, this is because F € L^(f]); for x — ?■ — oo, this is because F has mean zero). Therefore, 
we have shown that, P-a.s., 



9f{F) 



I^ yp{y)dy 
p{F) ■ 



^.94) 
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(Notice that P{p{F) > 0) = Jjj l|p(a,)>o}P(^)'^^ = j^p{^)dx = 1, so that identity (j8.94p always 
makes sense.) Since F £ B^'^, one has (see, e.g., [SS\ Proposition 2.1.7]) that supp/9 = [a, (3] with 
— oo ^ a < /3 ^ +00. Since F has zero mean, note that a < and /3 > necessarily. For every 
X G (a,/3), define 

POO 

ipix)= / yp{y)dy. (8.95) 

The function ip is differentiable almost everywhere on (a,/3), and its derivative is —xp{x). In 
particular, since (p{a) = (p{f3) = and (p is strictly increasing before and strictly decreasing 
afterwards, we have (p{x) > for all x G (a,/?). Hence, ()8.94p implies that P{gp{F) > 0) = 1. 

Finally, let us prove (|8.92p . Let ip still be defined by (|8.95p . On the one hand, we have 
p'{x) = —xp{x) for almost all x G suppp. On the other hand, by ()8.94p . we have, for almost 
all X G supp/9, 

^{x) = p{x)gF{x). (8.96) 

By putting these two facts together, we get the following ordinary differential equation satisfied by 

p: 

— ^—r- = --r- tor almost all x G suppp. 

p{x) gF{x) 

Integrating this relation over the interval [0, x] yields 

'■^ ydy 



log ip{x) = log 93(0) 



9F{y)' 



Taking the exponential and using = E{F) = E{F+) - E{F^) so that E\F\ = E{F+) + E{F^ 
2E{F+) = 2(^(0), we get 



Finally, the desired conclusion comes from (|8.96p . 



As a consequence of Theorem 18.21 we have the following statement, yielding sufficient conditions 
in order for the law of F to have a support equal to the real line. 

Corollary 8.3 Let F G B^'^ with E[F] = 0. Assume that there exists (Jmin > such that 

gpiF) ^ ali^, P-a.s. (8.97) 

Then the law of F, which has a density p by Theorem ] 8. Si has M for support and h8. 92\) holds almost 
everywhere in M. 

Proof. It is an immediate consequence of Theorem 18. 2[ except for the fact that supp/9 = M. For the 
moment, we just know that suppp = [a,/3] with — oo^a<0</3^ +00. Identity (|8.94p yields 



/■oo 

/ yp [y] dy ^ cr^jj^ p {x) for almost all x G (a, j5). 

J X 
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Let if be defined by (|8.95p . and recall that '^{x) > for all x E (a,/?)- When multiplied by 



X G [0,/3), the inequality (|8.98p gives ^ j^V ^ j—. Integrating this relation over the interval [0,x] 

^^ ' min 

yields log ip{x) — logip{0) ^ — y^ — , i-e., since ip{0) = ^E\F\, 



1 -' 



f{x)=l yp{y)dy^-E\F\e ^^-m. (8.99) 

Similarly, when multiplied by x E (a,0], inequality (|8.98p gives ^^4^ ^ — §—. Integrating this 

^^ ^ mill 

2 

relation over the interval [x, 0] yields log ip (0) —log 99 (x) ^ j^ — , i.e. (|8.99p still holds for x G (a, 0]. 

mill 

Now, let us prove that /3 = +00. If this were not the case, by definition, we would have ip (/3) = 0; 
on the other hand, by letting x tend to /3 in the above inequality, because if is continuous, we would 



have (/J (/3) ^ 2^\^\^ '^"min > 0, which contradicts /3 < +00. The proof of a = —00 is similar. In 
conclusion, we have shown that supp p = M. ■ 

Using Corollary 18.31 we deduce a neat criterion for normality. 

Corollary 8.4 Let F G B^'^ with E[F] = and assume that F is not identically zero. Then F is 
Gaussian if and only if\siT:{gp{F)) = 0. 

Proof: By (j4.53p (choose ip{x) = x, G = F and recall that E[F] = 0), we have 

E[{DF, -DL-^F)st\ = ^[F^] = VarF. (8.100) 

Therefore, the condition Var(gir(F)) = is equivalent to P{gp{F) = YaiF) = 1. Let F ~ AA(0, o"^) 
with (T > 0. Using (j8.94p . we immediately check that griF) = cr^, P-a.s. Conversely, if 
gpiF) = o"^ > P-a.s., then Corollarv 18.31 implies that the law of F has a density p, given by 

p{x) = -iT-^e~^^ for almost all x G M, from which we immediately deduce that F ~ AA(0, o"^). ■ 



Observe that if F ~ 7V(0, cj^) with cr > 0, then E\F\ = ^/2Jtt(t, so that the formula (fgrMj) for 
p agrees, of course, with the usual one in this case. 

As a 'concrete' application of ()8.92p . let us consider the following situation. Let K : [0, 1]^ — )• M 
be a square-integrable kernel such that K(t, s) = for s > t, and consider the centered Gaussian 
process X = {Xt)t^tQ^i-\ defined as 

Xt= K{t,s)dBs= / K{t,s)dBs, tG[0, 1]. (8.101) 

Jo Jo 

Fractional Brownian motion is an instance of such a process, see, e.g., |25| Section 2.3]. Consider 
the maximum 

Z = sup Xt. (8.102) 

t6[0,l] 

Assume further that the kernel K satisfies 

3c,Q>0, Vs,t G [0,l]^ s/t, 0< {K{t,u)-K{s,u)fdui^c\t-s\". (8.103) 

Jo 
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This latter assumption ensures (see, e.g., |11) ) that: (i) Z £ D^'^; (ii) the law of Z has a density 
with respect to Lebesgue measure; (iii) there exists a (a.s.) unique random point r G [0, 1] where 
the supremum is attained, that is, such that Z = X-j- = L K{T,s)dBs] and [iv) DtZ = K{T,t), 
t G [0, 1]. We claim the following formula. 

Proposition 8.5 Let Z be given by hS.lU'A) . X be defined as hS.lUlJ} and K G ^^([O,!]^) be 
satisfying i8.103\) . Then, the law of Z has a density p whose support is M+, given by 

.,.- E\Z - E[Z]\ J r {y-E[Z])dy \ 

'^^~ 2hz{x) '"Pl^ y^[^] hz{y) J' ^^"- 

Here, 

POO 

hz{x) = / e-"E [i?(ro, Tu)\Z = x] du, 
Jo 

where R{s,t) = E[XsXt], s,t £ [0, 1], and r^ is the (almost surely) unique random point where 
Xr = K{t, s){e~''dBs + Vl - e-2«dS^) 

JO 

attains its maximum on [0,1], with {B,B') a two-dimensional Brownian motion defined on the 
product probability space (i7, J", P) = (il x fi',^® ,'^' ,P x P'). 

Proof Set F = Z-E[Z]. We have -DtP-'F = ^^=1 ^f-i(/.(-,i)) and DtF = ^^=1 <-i(/,(-, *))■ 
Thus 

/ e-^Pu{DtF)du = J2lg^iif<ii;t)) e-\e-^''-'>du = Y,I^~iif<ii;t)). 

^0 9=1 ^0 g=l 

Consequently, 

-DtL~^F= e-''Pu{DtF)du, tG[0,l]. 

JO 

By Mehler's formula ()4.49p . and since DF = DZ = K{t,-) with r = argmax^grQ^i] /q K{t,s)dBs, 
we deduce that 

/■oo 

JO 
implying in turn 

rl /"CxD 

5f(F) = E[{DF,-DL-'F)l2^[o,i])\F]= dt due-''KiTo,t)E[E'[K{Tu,t)\F]] 

Jo Jo 

/•oo r r rl "I "I /'oo 

= / e-^'E E' I K{To,t)K{Tu,t)dt\F du = e^^'E [E' [R{to,Tu)\F]] du 

Jo L Ljo J J JO 

e-^-E[R{To,Tu)\F]du. 



/o 
The desired conclusion follows now from Theorem 18.21 and the fact that F = Z — E[Z]. ■ 

To go further. The reference |37) contains concentration inequalities for centered random 
variables F G B^'^ satisfying gpiF) ^ OiF + /3. The paper |41| shows how Theorem 18.21 can lead to 
optimal Gaussian density estimates for a class of stochastic equations with additive noise. 
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9 Exact rates of convergence 

In this section, we follow |30j. Let {-F„}„^i be a sequence of random variables in D^'^ such that 



law 



£^[F„] = 0, Var(F„) = 1 and F„ — )■ A^ ~ A/'(0, 1) as n — )■ oo. Our aim is to develop tools for 
computing the exact asymptotic expression of the (suitably normalized) sequence 

P{Fn^x)-P{N^x), n^l, 

when rr G R is fixed. This will complement the content of Theorem 15.21 

A technical computation. For every fixed x, we denote by /^. : M — )• M the function 

J — oo 

[ $(x)(l - ^(■u)) ifn^x ^ ^ 

where ^(x) = —7^= f^ e~°' ''^da. We have the following; result. 
Proposition 9.1 Let N ^ M{0, 1). We have, for every x S M, 



E[fUN)N] = l{x'-lf-^. (9.105) 



3^ ' V2tt 

Proof. Integrating by parts (the bracket term is easily shown to vanish), we first obtain that 

/+00 —u^ 11 r+oo —v?/2 

f'^{u)u^-=^du = / f,in)iu^ - l)^^^du 
-oo V^TT J-oo V^TT 



1 



+ 00 



(n^ - 1) (j" [l(-oo,x](«) - Hx)]e-'''/^da] du. 



IIt^ J~oo 

Integrating by parts once again, this time using the relation v} — \ = \(v^ — 3tt)', we deduce that 
f'^iu^ -l)(r [l(-oo,.](a) - Hx)]e-^'/'da) du 

J ~oo \J—oo / 

1 /• + 00 

= --/ (n3-3n)[l(„^,,](n)-<l>(x)]e""'/2dn 

= -\{f{u^- 3n)e-"'/2dn - $(x) / "^ {u^ - 3u)e-"'/2rf'u') 

\J — OO "/ -~oo / 

= -{x^- l)e-^'/2^ since [{u^ - l)e-"'/2]' = _(^3 _ 3^)e-«V2. 

■ 

A general result. Assume that {-Fnjn^i is a sequence of (sufficiently regular) centered random 
variables with unitary variance such that the sequence 

ifin) := ^E[{1 - {DFn^-DL-^Fn)L^n^)?], n ^ 1, (9.106) 

converges to zero as n — t- oo. According to Theorem 15.21 one has that, for any x G M and as n — t- oo, 

P{Fn ^ x) - P{N ^ x) ^ drviFn, N) ^ 2ip{n) -^ 0, (9.107) 
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where N ~ A/'(0, 1). The forthcoming result provides a useful criterion in order to compute an exact 
asymptotic expression (as n — )• oo) for the quantity 

P{Fn ^x)- P{N ^ x) 



ip{n) 



n>l. 



Theorem 9.2 (Nourdin, Peccati, 2010; see [30]) Let {Fn}n^i be a sequence of random 
variables belonging to D^'^, and such that E[Fn] = 0, Var[F„] = 1. Suppose moreover that the 
following three conditions hold: 

(i) we have < ip{n) < oo for every n and ip{n) — t- as n ^ oo; 
(ii) the law of F^ has a density with respect to Lehesgue measure for every n; 



(Hi) as n ^ oo, the two-dimensional vector I F, 






converges in distribution 



to a centered two-dimensional Gaussian vector (Ni,N2), such that E[N-^] = -Ef-ZVl] = 1 and 
E[NiN2] = p. 

Then, as n ^ oo, one has for every x £ M, 
P{Fni^x)-P{N^x) p, 



ip{n) 



-XI -x') 



e~-'/2 



(9.108) 



Proof. For any integer n and any C^-function / with a bounded derivative, we know by Theorem 
HIS] that 

E[Fnf{Fn)\ = E[f'{F„){DFn, -DL-'Fn)L^t^^^)]. 

Fix X G M and observe that the function fx defined by (|9.104p is not C^ due to the singularity in x. 
However, by using a regularization argument given assumption {ii), one can show that the identity 

E[Fnfa,{Fn)\ = E[f'x{Fn){DFn, -DL-'Fn)L^(^Rj 
is true for any n. Therefore, since P(F„ ^ x) - P{N ^ x) = E[f^{Fn)] - ^[F„/^(F„)], we get 



PjFr, ^ x) - P{N ^ x) 

ip{n) 



E 



f'AFu) X 



l-{DFn,-DL-^Fn)L^ 



«+) 



ip{n) 



Reasoning as in Lemma [3. H one may show that fx is Lipschitz with constant 2. Since (p{n) ^(1 
{DFn, —DL~^Fn)L2n^\) has variance 1 by definition of (/?(n), we deduce that the sequence 

(p{n) 



is uniformly integrable. Definition (j9.104p shows that u — )• /^.(ti) is continuous at every u ^ x. This 
yields that, as n — )■ oo and due to assumption (Hi), 



E 



f'AFn) X 



l-{DFn,-DL~^Fn)L2 

ip{n) 



-E[fx{Ni)N2] = -pE[f'xiNi)Ni]. 



Consequently, relation ()9.108p now follows from formula ()9.105p . ■ 

The double integrals case and a concrete application. When applying Theorem 19.21 in 
concrete situations, the main issue is often to check that condition (ii) therein holds true. In the 
particular case of sequences belonging to the second Wiener chaos, we can go further in the analysis, 
leading to the following result. 
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Proposition 9.3 Let N ~ AA(0, 1) and let Fn = -^^(/n) be such that /„ G L^(]R^) is symmetric 
for all n ^ 1. Write Kp{Fn), p ^ 1, to indicate the sequence of the cumulants of Fn- Assume that 
i^2{Fn) = E[Fn] = 1 for all n ^ 1 and that Hi{Fn) = -E'i-^n] —3—7-0 as n ^- oo. // we have in 
addition that 



KsiFn) 



a and 



\/l^i{Fn) 

then, for all x G M, 

P{Fn ^ x) - P{N ^ x) 



KsjFn) 
\^A{Fn)Y 



0, 



a 



(1 - .^) 



2\ -^ 



as n 



oo. 



Remark 9.4 Due to ()9.109p . we see that (|9.110p is equivalent to 
P{Fn ^ x) - P{N ^ x) 1 



(9.109) 



(9.110) 



(1 - x^) 



as n 



oo. 



Since each F„ is centered, one also has that K^{Fn) = E[Fn]- 
Proof. We shall apply Theorem 19.21 Thanks to (j5.60p . we get that 

K4(F„) E[Ft]-?, 2 

Q - Q - ^ Win ®l /n|li2(K2_). 



By combining this identity with (|5.58p (here, it is worth observing that /„ ®i fn is symmetric, so 
that the symmetrization fn®ifn is immaterial), we see that the quantity ip{n) appearing in (j9.106p 
is given by \/ K,/i,{Fn)/Q- In particular, condition {i) in Theorem 19.21 is met (here, let us stress that 
one may show that K4(F„) > for all n by means of ()5.60p ). On the other hand, since Fn is 
a non-zero double integral, its law has a density with respect to Lebesgue measure, according to 
Theorem 14.181 This means that condition [ii) in Theorem 19.21 is also in order. Hence, it remains 
to check condition {Hi). Assume that (|9.109p holds. Using ()7.87p in the cases p = 3 and p = 8, we 
deduce that 

K3(F„) _ 8 (/n, fn ®1 /n)L2(R2_) 



and 



\/k4(F„) \/699(n) 

^g(^^) 17920||(/„®i/„)®i(/„®i/„ 



Il2( 



ll) 



{^ii{Fn)r 

On the other hand, set 



ip{n) 



\DF 



Yn 



"llL2{R+) 



ip{n) 
By dSSSD, we have ^\\DYn\\l2 



E 



\DYr 



'^llL2(R+) 



= 2/2^(/, 

128 

V3(n 



1 /„). Therefore, by (|5.58p . we get that 

4 ||(/n ®l fn) ®1 {fn ®1 /n)||L2(R2 ) 



Ks{Fn) 



Ud{Ki{Fn)y 



as n 



oo. 
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Hence, by Theorem 15.51 we deduce that Yn — ?• M{0, 1). We also have 
TTfV z? 1 4 „ . . \ \/6K3(Fn) Q\/6 

£j\Yr,rn\ = — T^\tn ®l In, In) T'insi^ \ = , — > =: aS n — )• CO. 

^ " "^ y^H^-'" i-'"'-'"/^ (K+) 2y;^;(^ 2 ^ 

Therefore, to conclude that condition (in) in Theorem 19.21 holds true, it suffices to apply Theorem 



To give a concrete application of Proposition 19.31 let us go back to the quadratic variation of 
fractional Brownian motion. Let B^ = {Bf^)t^Q be a fractional Brownian motion with Hurst index 
H G (0, i) and let 



^ n— 1 



fc=0 

where (T„ > is so that E[F^] = 1. Recall from Theorem 15.61 that lim„_s.oo o"^/?^ = '^YlrezP'^^''') ^ 
oo, with /3 : Z — 7- ]R-|_ given by ()5.69p : moreover, there exists a constant ch > (depending only on 
H) such that, with N ~ AA(0, 1), 

dTy(i^„,Af)^^, n^l. (9.111) 



The next two results aim to show that one can associate a lower bound to (|9.11ip . We start by 
the following auxiliary result. 

Proposition 9.5 Fix an integer s ^ 2, let F^ be as above and let p be given by i5.69\) . Recall that 
H < -^j so that p G £^{Z,). Then, the sth cumulant of Fn behaves asymptotically as 

Ks{Fn) - n'~'/^r/^"\s - 1)! ^^* rL'^^''^^^ asi^^oo. (9.112) 

Proof. As in the proof of Theorem I5.6| we have that F^ = /^(/n) with /„ = — Y12=o ^k • Now, 
let us proceed with the proof. It is divided into several steps. 

First step. Using the formula ()7.87p giving the cumulants of F„ = ^2 (/") ^^ ^^^^ ^^ ^^^ very 
definition of the contraction (JDi, we immediately check that 



Ks{Fn) = 2 " X] p{ks-ks-i)...p{k2- ki)p{ki- ks). 



"■ ki,...,ks=0 

Second step. Since H < ^^ ^^ have that p G £^{Z). Therefore, by applying Young inequality 
repeatedly, we have 

II \p\*^'~^^\\i^{Z) ^ \\ph^{Z)\\ |Pr^'~^^llf-(Z) ^ • • • ^ 11^11^(2) < ^■ 

In particular, we have that {\p\*^^~^' , \p\)i'2{Z) ^ llpll|i(z~) ^ °°' 

Third step. Thanks to the result shown in the previous step, observe first that 

Y, \p{k2)p{k2 - k3)p{k3 -ki)... p{ks^i - ks)p{ks)\ = {\p\*^'^^\ \p\)iHz) < oo. 

k2,...,ks£Z 
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Hence, one can apply dominated convergence to get, as n — )• oo, that 



2^-i(s-l)!n 

n—l n—l—k 



Ks{Fn 



^ n—i n—i—Ki 

- y~l y^ p{k2)p{k2 - k3)p{k3 -ki)... p{ks-i - ks)p{ks 



n 

fci=0 k2,...,ks=~ki 



y^ p{k2)p{k2 - k3)p{k3 - ki) ... p{ks^i - ks)p{ks 

k2,...,ks£Z 

^^ _ max{fc2,...,/cs} \ _Q^ fmm{k2,...,ks} 



n I \ n ' ■'■{l'=2|<n,...,|fc,|<n} 

-^ yZ P{k2)p{k2 - k3)p{k3 -ki)... p{ks-i - ks)p{ks) = {p*^^~^\p)pi^i). 

k2,...,ksGZ 

(9.113) 
Since o"„ ~ \/^\\p\\pri\ as n — t- oo, the desired conchision fohows. ■ 

Corollary 9.6 Let Fn be as above (with H < ^J, l^t N ~ A/'(0, 1), and let p be given by l[5.6y\) . 
Then, for all x £M, we have 

^/^(P(Fn ^ x) - P(N ^ x)) -^ „ 'ri^'^^-* (1 - x^) e""^ as n ^ oo. 

^\\P\\e^(z) 

In particular, we deduce that there exists dn > such that 

'^^ ^ \P{Fn ^ 0) - P(7V ^ 0)1 ^ dTv{Fn,N), n^\. (9.114) 

Proof. The desired conclusion follows immediately by combining Propositions 19.31 and 19.51 ■ 

By paying closer attention to the used estimates, one may actually show that ()9.114p holds true 
for any H < ^ (not only H < 2)- See |32| Theorem 9.5.1] for the details. 



n 



To go further. The paper |3U| contains several other examples of application of Theorem W. 
and Proposition 19.31 In the reference [3] , one shows that the deterministic sequence 

max{E[F^],E[F^]-3}, n ^ 1, 

completely characterizes the rate of convergence (with respect to smooth distances) in CLTs 
involving chaotic random variables. 

10 An extension to the Poisson space (following the invited talk by 
Giovanni Peccati) 

Let B = {Bt)t^o be a Brownian motion, let F be any centered element of B^'^ and let A^ ^^ A/'(0, 1). 
We know from Theorem 15.21 that 



dTv{F,N) ^2E[\1- {DF,-DL~'F)l2^k.\]. (10.115) 
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The aim of this section, which fohows \43\ IM] . is to explain how to deduce inequaUties of the type 
pO.llSp , when F is a regular functional of a Poisson measure rj and when the target law A^ is either 
Gaussian or Poisson. 

We first need to introduce the basic concepts in this framework. 

Poisson measure. In what follows, we shall use the symbol -Po(A) to indicate the Poisson 
distribution of parameter A > (that is, Vx ~ Po{X) if and only if P{Vx = k) = e~ j^ for 
all k €N), with the convention that Po(0) = ^o (Dirac mass at 0). Set A = M'^ with d ^ 1, let ^ 
be the Borel cr-field on A, and let ^u be a positive, cj-finite and atomless measure over (A, A). We 
set A^ = {B € A: ii{B) < oo}. 

Definition 10.1 A Poisson measure r] with control ji is an object of the form {??(-B)}Be^^ with the 
following features: 

(1) for all B £ A^, we have t]{B) ~ Po{i^l{B)). 

(2) for all B,C £ A^ with B DC ^ f}>, the random variables r]{B) and r]{C) are independent. 
Also, we note rj{B) = r]{B) — ^{B). 

Remark 10.2 1. As a simple example, note that for d = 1 and fi = X x Leb (with 'Leb' the 
Lebesgue measure) the process {fy([0,i])}t3.o is nothing but a Poisson process with intensity 
A. 

2. Let /i be a a- finite atomless measure over (A, A), and observe that this implies that there 
exists a sequence of disjoint sets {Aj : j ^ 1} C A^ such that DjAj = A. For every j = 1, 2, ... 
belonging to the set Jq of those indices such that n{Aj) > consider the following objects: 

X^^' = {Xf^ : A; ^ 1} is a sequence of i.i.d. random variables with values in Aj and with 

common distribution (a\ ] Pj is a Poisson random variable with parameter f^i{Aj). Assume 

moreover that : (i) X^^' is independent of X'^^' for every k ^ j, (ii) Pj is independent of 
Pfc for every k ^ j, and (iii) the classes {X^^'} and {Pj} are independent. Then, it is a 
straightforward computation to verify that the random point measure 



^(•) = EE^xO)(-)' 



ie Jo fc=i 



where 6x indicates the Dirac mass at x and X^^^^ = by convention, is a a Poisson random 
measure with control /i. See e.g. |49| Section 1.7]. 

Multiple integrals and chaotic expansion. As a preliminary remark, let us observe that 
E[^{B)] = and E[^{B)'^] = fi{B) for ah B G A,,. For any q^l, set L'^ifi'^) = L"^ {Ai , A^ , iji) . We 
want to appropriately define 



Iqif) = / f{xi,...,Xq)rj{dxi)...r]{dXq) 

when / G L?'{ii'^). To reach our goal, we proceed in a classical way. We first consider the subset 
£-{fjfl) of simple functions, which is defined as 

£{fJ^'') = span {Ibi (d ■ ■ ■ Isq, with Si, . . . , Bq £ Afj. such that i?j n i? j = for alH 7^ j} . 
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When / = 1^^ (X" . . . (X" Ib, with Bi, . . . ,Bq £ A^ such that Bi f] Bj = 9 for all i ^ j, we naturally 
set 



Pqif) := v{Bi) . . . ?j{B,) = / /(xi, . . . , Xg)v{dxi) . . . ^{dx^). 

JAi 

(For such a simple function /, note that the right-hand side in the previous formula makes perfectly 
sense by considering r^ as a signed measure.) We can extend by linearity the definition of Iq{f) to 
any / G <?(/u'^)- It is then a simple computation to check that 

for all / G S{fJ-^) and g £ £{^'^), with / (resp. ]]) the symmetrization of / (resp. g) and 5p^q the 
Kronecker symbol. Since £{fJ-'^) is dense in L'^{fi'^) (it is precisely here that the fact that fi has 
no atom is crucial!), we can define Iq{f) by isometry to any / E L'^{^'^). Relevant properties of 
Iq{f) include E[Iq{f)] = 0, Iq{f) = Iqif) and (importantly!) the fact that Iq{f) is a true multiple 
integral when / G <?(/^'^)- 

Definition 10.3 Fix q ^ 1. The set of random variables of the form Iq{f) is called the qth Poisson- 
Wiener chaos. 

In this framework, we have an analogue of the chaotic decomposition (|4.39p - see e.g. |45| 
Corollary 10.0.5] for a proof. 

Theorem 10.4 For all F G L'^{a{rj}) (that is, for all random, variable F which is square integrable 
and measurable with respect to rj), we have 

oo 

F = E[F\ + Y,mq), (10.116) 

9=1 

where the kernels fq are (p'^-a.e.) symmetric elements of L'^{fi'^) and are uniquely determined by F. 

Multiplication formula and contractions. When / G <?(^^) and g G <?(^'^) are symmetric, we 
define, for all r = 0, . . . ,p A q and I = 0, . . . ,r: 

f ■k\.g{xi,...,Xpj^q-r-l) 

fiVl, ■■■,yi,Xl,..., Xr-l,Xr-l+l, . . . , Xp_i)g{yi, ...,yi,Xi,..., Xr-l,Xp_i+i, . . . , Xp+q^r~l) 
Ai 

xn{dyi)...n{dyi). 

We then have the following product formula, compare with (|4.43p . 

Theorem 10.5 (Product formula) Letp,q ^ 1 and let f G £{p-^) and g G £{ljfl) be symmetric. 
Then 

pAq 



/?(/)/?(9) = E'<') (') ^ ('0'^'— i^') ^ 



r=0 ^ ' ^ ' 1=0 
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Proof. Recall that, when dealing with functions in <?(/i^), Ip{f) is a true multiple integral (by seeing 
rj as a signed measure) . We deduce 

IpU)Iq{9) = I fi^i, . . .,Xp)g{yi, . . .,yq)r]{dxi) . . . r}{dxp)r]{dyi) . . . r]{dyq). 

J Ap+1 
By definition of / (the same applies for 5), we have that f{xi, . . . ,Xp) = when Xj = Xj for 
some i 7^ j. Consider r = 0, . . . ,p A q, as well as pairwise disjoint indices ii, . . . ,ir G {1, • • • ,p} 
and pairwise disjoint indices ji, . . . , jV S {1, . . . , q}. Set {ki, . . . , kp-r} = {1, . . . ,p} \ {«i, . . . , ij-} 
and {li, . . . , Iq-r} = {1, ■ ■ ■ ,q} \ {ji, ■ ■ ■ ,jr}- We have, since fx is atomless and using rj[dx) = 
ri{dx) — n{dx), 

r 

Ap+1 



f{xi, . . .,Xp)g{yi,. . . ,yq)l|^^^=j^^,^ ,„^^^^=j^^,^l^(dxi) . . .9j{dxp)9j{dyi) . . . v{dyq) 

J K^ki ) • • • 5 Xkp_^, Xi-^ 5 • • • ) ^ir)9\yh 5 • • • ) Ulq-r^ -^il 5 • • • ) -^Ir ) 
j^p+q-2r 

xrfidxki) . . . r]{dxkp_^)T]{dyiJ . . . r]{dyi^_^)ri{dxi^) . . . r]{dxi^) 
= / f{xi,...,Xp-.r,ai,---,ar)g{yi,...,yq-r,ai,...,ar) 

J Ap+1^^^ 

xr]{dxi) . . . r}{dxp_r)r}{dyi) . . . r]{dyq-r)ri{dai) . . . r]{dar). 
By decomposing over the hyperdiagonals {xi = yj}, we deduce that 

Ip{f)Iq{9) = X^'^'l )( )/ f{xi,...,Xp-r,ai,...,ar)g{yi,...,yq-r,ai,...,ar) 

xi]{dxi) . . . r]{dxp-r)v{dyi) . . . r]{dyq-r)r}{dai) . . . r]{dar), 
and we get the desired conclusion by using the relationship 

rj{dai) . . . rj{dar) = {r]{dai) + fi{dai)) . . . (rj{dar) + fi{dar)). 



Malliavin operators. Each time we deal with a random element F of L'^({a{r])}), in what follows 
we always consider its chaotic expansion (|lU.116p . 

Definition 10.6 1. Set DomD = {F e L'^{(j{r]}) : Y. QQ^-W fqWh t ,) < 00} . If F e BomD, we set 



DtF = Y,qll_,{fq{.,t)), teA. 

9=1 

The operator D is called the Malliavin derivative 



2. Set DomL = {F G L'^{(j{i]]) : Y^Q^I^-UqWl^fr,,) < 00}. If F G DomL, we set 



LF = -Y,Ql!ifq)- 

9=1 

The operator L is called the generator of the Ornstein- Uhlenheck semigroup. 
3. IfFe L'^{a{r]}), we set 



00 .. 

<?=i 

The operator L^^ is called the pseudo-inverse of L. 
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It is readily checked that LL ^F = F — E[F] for F £ L'^{a{r]}). Moreover, proceeding mutatis 
mutandis as in the proof of Theorem 14.151 we get the following result. 

Proposition 10.7 Let F G L'^{cr{r]}) and let G G DomD. Then 

Coy{F,G) = E[{DG,-DL-^F)l2(^^)]. (10.117) 

The operator D does not satisfy the chain rule. Instead, it admits an 'add-one cost' representation 
which plays an identical role. 

Theorem 10.8 (Nualart, Vives, 1990; see |42) ) Let F G DomZ). Since F is measurable with 
respect to 7], we can view it as F = F{rj) with a slight abuse of notation. Then 

DtF = F{r, + 5t)-F{ri), t e A, (10.118) 

where 6t stands for the Dirac mass at t. 

Proof. By linearity and approximation, it suffices to prove the claim for F = Lq{f), with q ^ 1 and 
/ G <?(^'^) symmetric. In this case, we have 



F{r] + 6t)= / f{xi,...,Xg){ri{dxi) + 6t{dxi)) ...{rl{dxq) + 6t{dxq)). 
Jai 

Let us expand the integrator. Each member of such an expansion such that there is strictly more 
than one Dirac mass in the resulting expression gives a contribution equal to zero, since / vanishes 
on diagonals. We therefore deduce that 

F{7] + 5t) = F{7])+y2 f{xi,...,xi-i,t,xi+i,...,Xq)r]{dxi) ...r]{dxi_i)r]{dxi+i) ...r]{dxq) 

1=1 -l^' 

= F{r]) + qL^^^{f{t, •)) by symmetry of / 

= F{r^) + DtF. 

■ 
As an immediate corollary of the previous theorem, we get the formula 

DtiF^) = (F + DtFf -F^ = 2F DtF + ( Ai^)^ t G A, 

which shows how D is far from satisfying the chain rule (|4.47p . 

Gaussian approximation. It happens that it is the following distance which is appropriate in our 
framework. 

Definition 10.9 The Wasserstein distance between the laws of two real-valued random variables Y 
and Z is defined by 

dw{Y,Z)= sup \E[h{Y)] - E[h{Z)]\, (10.119) 

/leLip(i) 

where Lip(l) stands for the set of Lipschitz functions /i : M — )■ M with constant 1. 

Since we are here dealing with Lipschitz functions h, we need a suitable version of Stein's lemma. 
Compare with Lemma [3. 11 
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Lemma 10.10 (Stein, 1972; see |52| ) Suppose /i : M — )■ R is a Lipschitz constant with constant 
1. Let N ~ A/'(0, 1). Then, there exists a solution to the equation 

f'{x)-xf{x) = h{x)-E[h{N)], xeR, 
that satisfies ||/'||oo ^ \/ - CL^d ||/"||oo ^ 2. 



Proof. Let us recall that, according to Rademaclier's theorem, a function which is Lipschitz 
continuous on M is almost everywhere differentiable. Let / : M — )■ R be the (well-defined!) function 
given by 

r°° p-t 

f{x) = - ^ E[h{e-^x + yi - e^^^N)N]dt. (10.120) 

Jo V 1 — e^2t 

By dominated convergence we have that fh £ C^ with 

/■oo ~2t 

f'{x) = - E[h'{e-*x +Vl- e-^*N)N]dt. 

Jo V 1 - e 2* 

We deduce, for any x G R, 



oo g-2t / 2 



\n-)\^m\j^ ^j^==dt = ^-. (10.121) 

Now, let F : R — 7- R be the function given by 

/•oo 

F{x) = / E[h{N) - h{e-^x + Vl - e-2*Af)]dt, x G R. 
io 

Observe that F is well-defined since h{N) — /i(e~*x + Vl — e~'^^N) is integrable due to 



\h{N) - h{e^^x + \/l - e-2tAr)| ^ e^*|a;| + (l - \/l - e-2*)|Ar| 

^ e-*|x|+e-2*|A^|, 



where the last inequality follows from 1 — \/l — u = u/{\/l — u + 1) ^ u ii u £ [0, 1]. By dominated 
convergence, we immediately see that F is differentiable with 



F'{x) = - e"* S[/i'(e-*x + ^/T^e^N)]dt. 
Jo 



By integrating by parts, we see that F'{x) = f{x). Moreover, by using the notation introduced in 
Sectional we can write 

f'{x) - xf{x) 
= LF{x), by decomposing in Hermite polynomials, since LHq = —qHq = H'' — XH' 

oo 

LPth{x)dt, since F{x) = J^ {E[h{N)] - Pth{x))dt 



oo 



LPth{x)dt, since F{x) = J^ {E[h{N)] - Pth{x))dt 

/■oo J 



'0 

= Poh{x) - Pooh{x) = h{x) - E[h{N)]. 

This proves the claim for ||/'||oo- The claim for ||/"||oo is a bit more difficult to achieve; we refer to 
Stein |52| pp. 25-28] to keep the length of this survey within bounds. ■ 

We can now derive a bound for the Gaussian approximation of any centered element F belonging 
to DomD, compare with (jlO.llSp . 
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Theorem 10.11 (Peccati, Sole, Taqqu, Utzet, 2010; see |44| ) Consider F G DomL) with 
E[F]=id. Then, with N ~ AA(0, 1), 

dw{F,N) s^ ^'^=-E[\1-{DF,-DL-^F)l2^^^\]+E j {DtFf\DtL-^F\^i{dt) 

Proof. Let h G Lip(l) and let / be the function of Lemma 110.101 Using (jlO.llSp and a Taylor 
formula, we can write 

Dtf{F) = f{F + DtF) - f{F) = f{F)DtF + R{t), 

with \R{t)\ ^ i||/"||oo(Ai^)^ ^ {Dt.Ff. We deduce, using (llO.llTp as well, 

E[h{F)] - E[h{N)] = E[f{F)] - E[Ff{F)] = E[f'{F)] - E[{Df{F), -DL-^F)l2^^^] 

= E[f'{F){l-{DF,-DL-^F)L^^))]+ f {-DtL-'F)R{t)^i{dt). 

J A 

Consequently, since ||/'||oo ^ 

dw{F,N) = sup \E[h{F)]-E[h{N)]\ 
/ieLip{i) 

^ \j''^E[\l- {DF, -DL-^F)l2^^) I] + ^ / (.DtFf\DtL-^F\f,{dt) 



Poisson approximation. To conclude this section, we will prove a very interesting result, which 
may be seen as a Poisson counterpart of Theorem 110.111 

Theorem 10.12 (Peccati, 2012; see gBj) Let F G DomD with E[F] = X > and F taking its 
values in N. Let Vx ~ Po(A). Then, 

sup \P{F €C)- P{Vx G C)\ (10.122) 

CCN 

s^ ^—^ E\X- {DF, -DL-^F)l2^^) I + ^—^ E j \DtF{DtF - l)DtL-^F\f,{dt). 

Just as a mere illustration, consider the case where F = r]{B) = I^{1b) with B G A^. We then 
have DF = -DP-'^F = 1b, so that {DF, -DL-^F)l2i^^) = J Isd^i = fi{B) and DF{DF - 1) = 
a.e. The right-hand side of ()10.122p is therefore zero, as it was expected since F ~ Po{\). 

During the proof of Theorem 110.121 we shall use an analogue of Lemma 13.11 in the Poisson 
context, which reads as follows. 

Lemma 10.13 (Chen, 1975; see [8]) Let C CN, let \ > and let Vx ~ Po(A). The equation 
with unknown / : N — t- M, 

Xf{k + l)-kf{k) = lc{k)-P{Vx€C), fcGN, (10.123) 

admits a unique solution such that /(O) = 0, denoted by fc- Moreover, by setting Af{k) = 
f{k + 1) - f{k), we have \\Mc\\oo ^ ^ and \\A^fc\\oo ^ f ||A/c||oo. 
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Proof. We only provide a proof for the bound on A/c; the estimate on A^/c is proved e.g. by Daly 
in |1U| . Multiplying both sides of (|10.123p by \^ /k\ and summing up yields that, for every k ^ 1, 

k—l 

fc{k) = ^-^^^Y.^^^c{r)-P{VxeC)] (10.124) 

r=0 

= -fc^k) (10.126) 

= -^^^f;^[lc(r)-P(PAGC)], (10.127) 

■r=fc 

where C^ denotes the complement of C in N. (Identity ()10.125p comes from the additivity property 
of C I— 7- fc, identity (|10.126p is because /n = and identity (|10.126p is due to 

oo . ^ 



J] -[lc(r) - P{r, e C)] = EilciVx) - E[lc{r,)]] = 0.) 



r 

r=0 



Since fc{k) — fc{k + 1) = fcik + 1) — fcik) (due to ()10.126p ). it is sufficient to prove that, for 
every k ^ 1 and every C C N, fc{k + 1) — fc{k) ^ (1 — e^^)/\. One has the following fact: for 
every j ^ 1 the mapping k i— )■ f{j}{k) is negative and decreasing for k = l,...,j and positive and 
decreasing for fc ^ j + 1. Indeed, we use (jl0.124p to deduce that, if 1 ^ fc ^ j, 



k 
f{j}{k) = —e~ — 7,-^ '^71 rr (which is negative and decreasing in fc). 



r=l 



j! ^ (fc - r) 
whereas (jl0.127p implies that, if fc ^ j + 1 



oo 



\J ( h ^\\ 
f{j}{k) = c~ — > A^— -r (which is positive and decreasing in fc). 

Using ()10.125p . one therefore infers that fc{k + 1) — fc{k) ^ f{k}{k + 1) — f{k}{k), for every fc ^ 0. 
Since 



f{k}{k + l)-f{k}{k) 



e 



-X 






r!fc ^-^ r! 

.r=0 r=k+l 



e-^ 



EA T ^ — ^ A 

r! fc ■^-— ' r! 

.r=l r=fc+l 



< 



l-e"^ 



A ' 
the proof is concluded. ■ 

We are now in a position to prove Theorem 110.121 

Proof of Theorem MO.ISX The main ingredient is the following simple inequality, which is a kind of 
Taylor formula: for all fc, a G N, 

|/(fc) - /(a) - A/(a)(fc - a)| ^ \\\/\^ f\U\{k - a){k -a- 1)|. (10.128) 
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Assume for the time being that (jl0.128p holds true and fix C C N. We have, using Lemma 110.131 
and then (|1U.117|) 

|P(FgC)-P(PaGC)| = \E[Xfc{F + l)]-E[FfciF)]\ 

= \XE[Afc{F)]-E[{F-X)fc{F)]\ 

= \XE[Afc{F)] - E[{Dfc{F),-DL-'F)L2^^,)]\. 

Now, combining (jlO.llSp with (|10.128p . we can write 
DtfciF) = Afc{F)DtF + S{t), 

with S{t) ^ ^WA"^ fc\\o^\DtF{DtF - 1)| ^ ^^^\DtF{DtF - 1)|, see indeed Lemma IHIS] for the 

last inequality. Putting all these bounds together and since ||A/c||oo ^ -—j — by Lemma [10. 131 we 
get the desired conclusion. 

So, to conclude the proof, it remains to show that (|10.128p holds true. Let us first assume that 
k ^ a + 2. We then have 

fe-i fc-i 

f{k) = /(a) + j;A/(j) = /(a) + A/(a)(A;-a) + j;(A/(i)-A/(a)) 

j=a j=a 

k-lj-l k-2 

= f{a) + Af{a){k -a) + J2J2 ^'^^^ = /(") + ^/(")(^ " «) + E ^'/(0(A; " / " 1), 

j=a l=a l=a 

SO that 

fc-2 

\f{k) - f{a) - Af{a){k - a)\ ^ \\A^f\\oo Y,{k - I - 1) = -\\A^f\\oo{k - a){k - a - 1), 

l=a 

that is, (|lU.128p holds true in this case. When k = aoxk = a + l, (|lU.128p is obviously true. 
Finally, consider the case k ^ a — 1. We have 

a— 1 a— I 

f{k) = /(a)-^A/(j) = /(a) + A/(a)(A;-a) + ^(A/(a)-A/(j)) 

j=k j=k 

a— 1 a— 1 a— 1 

= /(a) + Afia)ik -a) + Y,Yl ^'^(^ = ^(«) + ^^(°)(^ " «) + E ^'/(^)(^ -k + l), 

j=k l=j l=k 

SO that 

a— 1 ^ 

\f{k) - f{a) - Af{a){k - a)\ ^ \\A^f\\oo ^{l - k + 1) = -||A2/||oo(a - k){a -k + 1), 

l=k 
that is, ()10.128p holds true in this case as well. The proof of Theorem 110.121 is done. ■ 

To go further. A multivariate extension of Theorem 1 1 . 1 1 1 can be found in |47| . The reference 
|19| contains several explicit applications of the tools developed in this section. 
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11 Fourth Moment Theorem and free probabihty 

To conclude this survey, we shall explain how the Fourth Moment Theorem 11.31 extends in the 
theory of free probability, which provides a convenient framework for investigating limits of random 
matrices. We start with a short introduction to free probability. We refer to |22| for a systematic 
presentation and to [2] for specific results on Wigner multiple integrals. 

Free tracial probability space. A non- commutative probability space is a von Neumann 
algebra ^ (that is, an algebra of operators on a complex separable Hilbert space, closed under 
adjoint and convergence in the weak operator topology) equipped with a trace ip, that is, a unital 
linear functional (meaning preserving the identity) which is weakly continuous, positive (meaning 
ip{X) > whenever X is a non-negative element of £/; i.e. whenever X = YY* for some Y G £/), 
faithful (meaning that if if{YY*) = then Y = 0), and tracial (meaning that ip{XY) = (p{YX) for 
all X,Y £ £/, even though in general XY ^ YX). 

Random variables. In a non-commutative probability space, we refer to the self-adjoint 
elements of the algebra as random variables. Any random variable X has a law: this is the unique 
probability measure // on M with the same moments as X; in other words, n is such that 

I x^dn{x) = ip{X^), k^l. (11.129) 

Jr 

(The existence and uniqueness of fi follow from the positivity of ip, see |22| Proposition 3.13].) 

Convergence in law. We say that a sequence (Xi^„, . . . ,Xfc^„), n ^ 1, of random vectors 
converges in law to a random vector (Xi^oo, • • • ) -'^fc.oo)) a-nd we write 

[Xl^n, ■ ■ ■ ,Xi^^n) -^ (-^l,oo5 • • • 5 A'fc^oo), 

to indicate the convergence in the sense of (joint) moments, that is, 

lim v9(Q(Xi,„,...,Xfc,„)) = (^(Q(Xi,oo,...,Xfc,oo)), (11.130) 

n— >oo 

for any polynomial Q in k non-commuting variables. 

We say that a sequence (F„) of non-commutative stochastic processes (that is, each Fn is a 
one-parameter family of self-adjoint operators Fn{t) in {£/,ip)) converges in the sense of finite- 
dimensional distributions to a non- commutative stochastic process i^oo , and we write 

f.d^. 

to indicate that, for any A; ^ 1 and any ii, . . . , i^ ^0, 
(F„(ii), . . . , F„(tfc)) '-T (Foo(ti), . . . , Foo(ifc)). 

Free independence. In the free probability setting, the notion of independence (introduced 
by Voiculescu in |55j ) goes as follows. Let J2/i, . . . , =e^ be unital subalgebras of si . Let X\^ . . . , X^a 
be elements chosen from among the iz^'s such that, for 1 < j < m, two consecutive elements Xj 
and Xj_|_i do not come from the same s^i and are such that 'p{Xj) = for each j. The subalgebras 
=f2/i, . . . , sip are said to be free or freely independent if, in this circumstance, 

(/p(XiX2---X^) = 0. (11.131) 
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Random variables are called freely independent if the unital algebras they generate are freely 
independent. Freeness is in general much more complicated than classical independence. For 
example, if X, Y are free and tti, n ^ 1, then by ()11.13ip . 

ip[{x'^ - v?(x™)i)(y" - y^(r")i)) = 0. 

By expanding (and using the linear property of (/?), we get 

(/j(x™y") = v?(x™)c/5(y'^), (11.132) 

which is what we would expect under classical independence. But, by setting Xi = X3 = X — (p{X)\ 
and X2 = X/i = Y — '^(Y) in (111.1311) . we also have 

^{{X - ip{X)l){Y - ^{Y)l){X - ip{X)l){Y - ^{Y)l)) = 0. 

By expanding, using (|11.132p and the tracial property of 93 (for instance {p{XYX) = ip(X'^Y)) we 
get 

^(XYXY) = ^{Yf^{X^) + ^{X)\{Y^)-^{X)\{Y)\ 

which is different from ip{X'^)ip{Y'^) , which is what one would have obtained if X and Y were 
classical independent random variables. Nevertheless, if X,Y are freely independent, then their 
joint moments are determined by the moments of X and Y separately, exactly as in the classical 
case. 

Semicircular distribution. The semicircular distribution S{m,a^) with mean 771 G M and 
variance o"^ > is the probability distribution 

S{m,a^){dx) = ^— ^ v^4cr2 - (x - m)2 l{|^_^|<2a} dx. (11.133) 

If m = 0, this distribution is symmetric around 0, and therefore its odd moments are all 0. A 
simple calculation shows that the even centered moments are given by (scaled) Catalan numbers: 
for non- negative integers k, 

m+2cr 

{x-mf''S{m,a'^){dx) = CfcCi^^ 

m—2cr 

where Ck = kTlik) (see, e.g., |22| Lecture 2]). In particular, the variance is a'^ while the centered 
fourth moment is 2cr^. The semicircular distribution plays here the role of the Gaussian distribution. 
It has the following similar properties: 

1. If 5 ~ 5(m, 0-2) and a, 6 G E, then a5 + 6 ~ S{am + b, a^a'^). 

2. If S*! ~ S(rn,\^a\) and 52 ~ 5(m2,cr|) are freely independent, then S'i + S'2 ~ 5(mi + 7712, erf + 
al). 

Free Brownian Motion. A free Brownian motion S = {S{t)}t^Q is a non-commutative 
stochastic process with the following defining characteristics: 

(1) 5(0) = 0. 
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(2) For t2 > ti ^ 0, the law of S{t2) — S{ti) is the semicircular distribution of mean and variance 
t2-ti. 

(3) For all n and t„ > • • • > ^2 > ^i > 0, the increments S{ti), S{t2) — S{ti), . . . , S{tn) — S{tn-i) 
are freely independent. 

We may think of free Brownian motion as 'infinite-dimensional matrix- valued Brownian motion'. 

Wigner integral. Let S = {S{t)}t^Q be a free Brownian motion. Let us quickly sketch out the 
construction of the Wigner integral of / with respect to S. For an indicator function / = l[tj^^i, the 
Wigner integral of / is defined by 

^uM(^)dS{x) = S{v) - S{u). 

We then extend this definition by linearity to simple functions of the form / = '^^^i ajlu. „.i, where 
[ujjWj] are disjoint intervals of M_|_. Simple computations show that 

^(j'"fix)dS{x)] = (11.134) 

(/•CO POO \ 

j^ fix)dS{x)xJ^ gix)dSix)] = {f,g)L^R^). (11.135) 

By isometry, the definition of f^ f{x)dS{x) is extended to all / G -L^(M+), and (|11.134p - (lll.l35p 
continue to hold in this more general setting. 

Multiple Wigner integral. Let S = {5'(t)}(^o be a free Brownian motion, and let g ^ 1 be 
an integer. When / G L^(M5^_) is real-valued, we write /* to indicate the function of L^(]R^) given 
by/*(ti,...,iq) = /(tg,...,ti). 

Following [2], let us quickly sketch out the construction of the multiple Wigner integral of / with 
respect to S. Let W^ C M^ be the collection of all diagonals, i.e. 

D'i = {(ti, . . . ,tg) G M^ : ti = tj for some i / j}. (11.136) 

For an indicator function / = lyi, where A C M^ has the form A = [ui,vi] x . . . x [uq,Vq] with 
A n V = 0, the qth multiple Wigner integral of / is defined by 

I^if) = {S{v,) - Sim)) . . . {S{vq) - S{uq)). 

We then extend this definition by linearity to simple functions of the form / = '^^^i ailAi, where 
Ai = [u\,v\] X . . . X [UgjVq] are disjoint g-dimensional rectangles as above which do not meet the 
diagonals. Simple computations show that 

ifil^if)) = (11.137) 

ip{I^{f)I^{g)) = (/,<7*)L2(Mp. (11.138) 

By isometry, the definition of I^{f) is extended to all / G ^^(M!^), and (|11.137p - (|11.138p continue 
to hold in this more general setting. If one wants Iq{f) to be a random variable, it is necessary for 
/ to be mirror symmetric, that is, f = f* (see |17|). Observe that /f (/) = f^ f{x)dS{x) when 
q = 1- We have moreover 

ip{I^{f)I^{g)) = when p ^ q, f e L^{M.l) and g G L^Rl). (11.139) 
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When r £ {l,...,pAq}, f £ L'^{R^_^) and g £ L^iR^), let us write f ^ g to indicate the rth 
contraction of / and g^ defined as being the element of L^(R!j_ '^~ ^) given by 

f ^ g{ti, . . . ,tp+,_2r) (11.140) 

J \t\, . . . 1 tp_j., X\, . . . , Xi-jgyXj-, . . . , Xi, tp—r+l J • • • ) '^p-\-q~2r)0'X\ . . . CLXr- 



By convention, set f^-^g = f(S>gs& being the tensor product of / and g. Since / and g are 
not necessarily symmetric functions, the position of the identified variables xi, . . . ,Xr in ()11.140p is 
important, in contrast to what happens in classical probability. Observe moreover that 

11/ ^ 9llL2(KP+9-2r) ^ II/IIl2(IRP)I|9|Il2(M^) (11.141) 

by Cauchy-Schwarz, and also that f ^~^ g = {f,g*)L^(M.'' ) when p = q. 

We have the following product formula (see [21 Proposition 5.3.3]), valid for any / G Li^iRFj^) and 

p/\g 

I^if)I^{9) = E^pV2r.(/ ^ 9). (11.142) 

r=0 

We deduce (by a straightforward induction) that, for any e G L^(M+) and any q ^ 1, 

Ug (j°° e{x)dS^ = I^ie""^), (11.143) 



where L^q = 1) ^i = ^) ^2 = X^ — 1, U^ = X — 2X, . . ., is the sequence of Tchebycheff polynomials 
of second kind (determined by the recursion XUk = Uk+i + Uk^i), /q e[x)dS{x) is understood as 
a Wigner integral, and e®"^ is the qth. tensor product of e. This is the exact analogue of (|1.1U|) in 
our context. 

We are now in a position to offer a free analogue of the Fourth Moment Theorem 15.51 which 
reads as follows. 

Theorem 11.1 (Kemp, Nourdin, Peccati, Speicher, 2011; see |17| ) Fix an integer q ^ 2 
and let {St}t'^o be a free Brownian motion. Whenever f G L^(IR5^), set Iq{f) to denote the qth 
multiple Wigner integrals of f with respect to S. Let {i^n}n>i i>e a sequence of Wigner multiple 
integrals of the form 

^n ^ J^q \jn)i 

where each fn G L^(R_|_) is mirror- symmetric, that is, is such that fn = fn- Suppose moreover that 
(p{F^) —7-1 as n ^- oo. Then, as n ^ oo, the following two assertions are equivalent: 

(i) F„'^A"Si~cS(0,l); 
(n)^{F^)^2 = ^{Sf). 
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Proof (following |24|). Without loss of generality and for sake of simplicity, we suppose that 
(p{F^) = 1 for all n (instead of (p{F^) — )■ 1 as n — )• oo). The proof of the implication (i) =^ (ii) 
being trivial by the very definition of the convergence in law in a free tracial probability space, we 
only concentrate on the proof of (ii) =^ (i). 

Fix fc ^ 3. By iterating the product formula ()11.142p . we can write 

^n—^q\fn) = 2_^ -^fcij-2ri-...-2rfc_i ((•••((/"'"" /n) '"" /n) •• •) ^~^ fn), 

(ri,...,rfc_i)eAfc^g 

where 

Ak,g = {(ri, . . . , rfc_i) e {0, 1, . . . , q}''-^ : rg < 2g - 2ri, rg ^ 3g - 2ri - 2r2, . . . , 

rk-i ^ {k - l)q - 2ri - . . . - 2rfc_2}. 

By taking the (p-tr&ce in the previous expression and taking into account that pi.l37p holds, we 
deduce that 

^(f::) = ^{i^ifn)') = E (• • • ((/- - /") ^ /") ■ ■ •) '"' /- (11-144) 

(n,.--,f'fc-i)6-Bfe,9 
with 

Bk,q = {{n,... ,rk-i) G Ak^q : 2ri + . . . + 2rfe„i = kg). 

Let us decompose 5fe,g into Ck^q U £'fc,g, with Ck,q = Bk^q Pi {0,q'}''~^ and Ek^q = Bk,q \ Ck,q- We 
then have 

^{F^n) = E ((• • • ((/n " /n) ^ /n) . . .) '^^Vn) 

(ri,...,rfe_i)eCfe,g 

+ E ((•••((/n^/n)^/n)...)''^^/n). 

(ri,...,rfe_i)e£;fe_. 



Using the two relationships fn ■^^ fn = fn® fn and 



fn^^Jn— / fn{tli ■ • ■ i iq)jn[tq, ■ ■ ■ , tljutl . . . «t|j — 1 1 Jn 1 1 ^,2 (jj? ■) — 1, 

it is evident that (. . . ((/„ ^ /„) '^ fn) ■ ■ ■) ^^ /n = 1 for ah (ri, . . . ,rfc_i) G Ck,q. We deduce 
that 

9.(i^„^) = #Ck,q+ E ((•••((/n^/n)^/n)...)''^Vn). 

{ri,...,rfe_i)e-Efe,, 

On the other hand, by applying ()11.144p with g = 1, we get that 

(^(St) = ^'(/f (l[o,i])') = E (• • • ((l[o,i] - l[o,i]) - l[o,i]) • • •) ''^' l[o,i] 

{ri,...,rfe_i)6_Bfc_i 

E 1 = *^^^^■ 

(ri,...,rfc_i)6Bfe,i 
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But it is clear that C^^g is in bijection with B/^ i (by dividing ah the rj's in C^^g by q). Consequently, 

^{F!:) = ^{S',) + Yl ((•••((/n^/n)^/n)...)'^^'/n). (11.145) 

Now, assume that (p{F^) — )• ^{Sf) = 2 and let us show that '^{F^) — )• ^{Si) for all k ^ 3. Using 
that fn = fnj observe that 

fn ^ fn{tl, . . . , t2q~-2r) 

— / Jn\Jlj ■ ■ ■ ; '^q—ri ■Slj ■ ■ ■ ; Sr)Jn\Srj • • • ; Slj Z-f;— r+1) ■ ■ ■ ; ^2q—2r)(^Si . . . USr 

— / Jny^rj • • • i -Si, i^q—r^ • • • i i^l ) Jn\J'2q—2r i • • • i f-g— r+l; "Si, • • • ; Sy jUSi . . . CiSr 
= fn^^ fn{t2q-2r, ■ ■ ■ ,h) = {fn -^ fn)*{tl, ■ ■ ■ ,*2g-2r), 



that is, fn '~~' fn = {fn '^ fn)*- On the other hand, the product formula ()11.142p leads to 
F^ = '^r=o '^2q-2r{fn ^" fn)- Since two multiple integrals of different orders are orthogonal (see 
(|11.139l) ). we deduce that 

g-l 

f{Fn) = ll/n ® /n||^2(ig2g) + {W fn\\ ^2 (^^i^)) + /.^{fn ^ fn, {fn ^ /n)*)2,2(R2g-2r^ 



g-1 



2||/n|lL2([o^l]?) + 2^ ll/n ^ fn\ 



LH 



r=l 



T,2q-2rN 



g-1 



2 + E 



/n| 



r=l 



r=l 



L2(K2<,-2r-|. 



Using that ip{F^) — )• 2, we deduce that 

ll/n ^ /«llr2,TO29-2r. -^ for ah T = 1, . . . , g - 1 . 



lL2 



(11.146) 



(11.147) 



Fix (ri, . . . ,rfc_i) G E'fc^q and let j G {1,...,A; — 1} be the smallest integer such that rj G 
{1, ... ,g — 1}. Then: 



< 



r-k-i 



[- - - ll/n '~^ In) '~^ In) ■ ■ ■) ^ In 



''i-i n N rj J. . rj+i 



rk-i 



\- - - \\Jn '■^ jn) '■^ Jn) - - - ^ /nj ^ Jn) ^ /nj • • -j ^^ h 



r-j+l 



f"*:-! 



(...((/„ ® ... /„) A /„) ^^ /„) . . .) '>^^ /„| (since fn^fn = 1) 

(...((/„»... ® /„) ® (/„ ^ fn)) '^' /n) . . .) '^' /nl 



||(/n ® . . . » /n) ® (/n -^ /n) || ||/nf^"^"^ (Cauchy-Schwarz) 

= ll/n ^ /nil (since ||/„||2 = 1) 

-^ as 71 -;> oo by (|11.147|) . 

Therefore, we deduce from (|11.145|) that ip{F^) — )• ip{Si), which is the desired conclusion and 
concludes the proof of the theorem. ■ 



During the proof of Theorem Ill.H we actually showed (see indeed (jll.l46p ) that the two 
assertions {i)-{ii) are both equivalent to a third one, namely 



[III]: 



Jn\ 



L2(K2,-2r-| 



for all r = 1, . . . , g — 1. 



Combining {iii) with Corollary I5.5| we immediately deduce an interesting transfer principle for 
translating results between the classical and free chaoses. 
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Corollary 11.2 Fix an integer q ^ 2, let {Bt}t^o be a standard Brownian motion and let {St}t^o 
be a free Brownian motion. Whenever f G L^(]R5^), we write Iq{f) (resp. Iq{f)) to indicate the 
qth multiple Wiener integrals of f with respect to B (resp. S). Let {fn}n^i C L^(M^) be a sequence 
of symmetric functions and let a > be a finite constant. Then, as n ^ oo, the following two 
assertions hold true. 

(i) E[I^{fn)] ^ q\a^ if and only zf^il^{fnf) ^ a'. 

(a) If the asymptotic relations in (i) are verified, then I^{fn) — )■ M{0,qla'^) if and only if 
I^{fn)'^S{0,a'). 

To go further. A multivariate version of Theorem 111.11 (free counterpart of Theorem 16. 2p can 
be found in |36| . In |31| (resp. |14j). one exhibits a version of Theorem 1 11. II in which the semicircular 
law in the limit is replaced by the free Poisson law (resp. the so-called tetilla law). An extension 
of Theorem 111.11 in the context of the g-Brownian motion (which is an interpolation between the 
standard Brownian motion corresponding to g = 1 and the free Brownian motion corresponding to 
g = 0) is given in |12| . 
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